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cial. A Dynamical Theary of the Electromagnetic Fisld. EyJ. CLERK Maxweet, FES.
Tooivéd Ostobar 27, — Bead December 8, 1864.

FART I.—INTRODUCTORTY.

) Tug most obvious mechanical phenomanen in electrical and magnetical experiments
is the mutaal action by which bodies in certain states set each other in motion while
ol ut 8 wemsible distance from each other. The first step, therefore, in reducing these
Wiumaﬁmﬁﬂnfam.htumnuinthamngﬁmﬂtmddimﬁmufth&fmm
gﬁ:gb:t'ﬂﬂnthtbnﬂ.i&hmﬂwhanitiu found that this force depends in & certain
way upon the relative position of the bodies and on their electric or magnetic condition,
it seems at first sight natural to explain the facts by asuming the existence of some-
fhing cither at rest v in motion in each body, coustituting its electric or magnetic state,
asd capable of acting at a distance aceording to mathematical laws.

Tn this way mathematical theorias of statical electricity, of magnetism, of the mecha-
mital action between conductars carrying currents, and of the induction of currents have
Yeen formed, In these theories the force acting between the two bodiesis treated with
mherince only to the condition of the bodies and their relative position, and without
wy express consideration of the surrounding medinm.

These theories assume, more or less explicitly, the existence of substances the parti-
des [of which have the property of acting on one another at a distance by attraction
o repulsion, The most complete development of & theory of this kind is that of
MW, Weser*, whuhaa-madatheumnthemyinduﬂndmtrmhlﬁnudahtnumugnﬂic
phennmens.

In doing so, however, he has found it necessary to assume thet the force between
hﬁelmizinprﬁclaudepmdnwthﬁ'rmllﬂw velocity, as well as on their distance.
~ This theory, aa developed by MM. W. Weszs and C. Neumaxst, is exceedingly
ingenious, and wonderfully comprehensive in its application to the phenomena of
satical electricity, electromagnetic attractions, induetion of currents and dinmagnetic
phtnomeng : and it comes to us with the more authority, as it has served to guide the
Reculationg of one who has made so great an sdvance in the practical part of electric
wiencs, hoth by introducing a consistent system of units in electrical measarement, and
By attually determining electrical quantities with an securacy hitherto unknown.
u::lmr-uﬂnmh:h:‘ﬂumhﬁmnn;m Leipeie Trans, vel. i. 1848, ned Tarsan's Scisntife Memairs, vol. .

+ ® Explicase temtatur quomods fat ut lusis planum polarisstioeis par vires eleotrisss Vel mogactioas dueli-
“ior." —Halis Soxennm, 1858
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460 FROFESSOR CLERE MAXWELL ON THE ELECTROMAGNETIC FIELD.

(2) The mechanical difficulties, however, which are involved in the assumption of
particles acting at a distance with forces which depend on their velocities are such ag
te prevent me from considering this theory as an ultimate one, though it may have been,
and may yet be nseful in lending to the coordination of phenomena.

I have therefore preferred to seek an explanation of the fact in auother direction, by
supposing them to be produced by actions which go on in the surrounding mediom as
well as in the exeited bodies, and endeavouring to explain the action between distant
bodies without assuming the existence of forces capable of acting directly at sensihle
distances,

{3} The theory I propese may therefore be called a theory of the Electromagnetio Fisld,
beoause it has to do with the space in the neighbourhood of the electrie or magnetic bodies,
and it may be called a Dynamical Theory, becanse it assumes that in that space there is
matter in motion, by which the observed electromagnetic phenomena are produced.

(%) The eleetromagnetic field is that part of space which contains and surrounds
bodies in electric or magnstic conditions.

It may be filled with any kind of matter, or we may endeavour to render it empty of
all gross matter, as in the case of GEissLER'S tubes and other so-called vacua.

There is always, however, encugh of matter lefi to receive and transmit the undulations
of light and heat, and it is because the transmission of these radintions is not greatly
altered when transparent bodies of messurable density are substituted for the so-called
vacwum, that we are obliged to admit that the wndalations are those of an mtheresl
substance, and not of the gross matter, the presence of which merely modifies in some
way the motion of the mther,

We have therefore some reason to believe, from the phenomens of light and heat,
that there is an mthereal medium filling space and permeating bodies, capable of being
set in motion and of transmitting that motien from one part to another, and of com-
municating that motion o gross matter so es to heat it and affect it in varions WaYS.

(B) Now the energy communicated to the body in heating it must have formerly
existed in the moving mediem, for the undulations had left the source of heat some time
before they reached the body, and during that time the energy must have been half ia
the form of motion of the mediom and helf in the form of elastic resilience. From
these considerations Professor W. THoMS0N has argued *, that the medinm must have a
density capable of comparison with that of gross matter, and has even assigned an infe-
rior limit to that density.

(6) We may therefore receive, a5 a datum derived from a branch of science inde-
pendent of that with which we have to deal, the existence of a pervading medium, of
small but real density, eapable of heing set in motion, and of transmitting motion from
ome part to another with great, but nof infinite, velocity.

Henoe the parts of this medium must be so connected that the motion of one part

* +0n fhe Possible Density of the Luminifersas Medium, and oo the Meshanioal Talan of a Chakde Mils of
Bunliplit,” Transaetions of the Boyal Bovicty of Edinburgh {1E54), p. &7,
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depends in some way on the miotion of the rest; and at the same time fthese conmexions
must be capable of & certain kind of elastic yielding, sinee the communication of motion
is not instantanecus, but eccupies time.

The mediam is therefore capable of Teceiving and storing up two kinds of energy,
namely, the “actual " energy depending on the motions of ite parts, and * potential™
energy, consisting of the work which the medium will do in recovering from displace-
ment in virtne of its elasticity.

The propagation of undulations consists in the comtinual transformation of one of
these forms of energy into the other alternately, wnd st aoy instant the amount of
energy in the whole medium is equally divided, so that helf iy energy of motion, and
half i elastic resilience.

(T} A medium having such a constitution may be capable of other kinds of motion
and displacermnent than those which produce the phenomena of light and heat, and some
of these may be of such a kind that they muy be evidenced to our semses by the pheno-
meng they preduce,

{8) Now we know that the luminiferows medinm is in certain cases acted om by
magnetism ; for Farapay * discovered that when a plane polarized ray traverses a trans-
purent dismagnetic medium in the direction of the lines of magnetic force produced by
magnets or currents in the neighbourhived, the plane of polarization is cansed to rotate.

This rotation is always in the direction in which positive electricity must be carried
round the diamagnetic body in order to produce the actual magnetization of the field.

M. VerpErt bas since discovered that if & paramagnetic body, such as solution of
pechloride of irom in ether, be substituted for the damagnetic body, the rotation is in
the opposite direction.

Now Professor 'W. THomsonT has pointed out that no distribution of forees acting
between the parts of & medium whose only motion is that of the luminous vibrations, is
sufficient to account for the phemomena, but that we must admit the existence of a
motion in the medium depending on the magnetization, in addition to the yibmatory
motion which constitutes hight,

It is troe that the rotation by magpetism of the plane of pelarization has been
observed only in media of considerable density; but the properties of the magnetic field
are not so much altered by the substitution of one medium for another, or for a vacunm,
as to allow us to suppose that the dense medium does anything more than merely modify
the motion of the ether. 'We have therefore warrantable grounds for inguiring whether
there may not be a motion of the ethereal medinm going on wherever magnetic effects
are gbserved, and we huve some reason to suppose that this motion is ome of rotation,
having the direction of the mugnetic foree as its axis.

{(9) We may now consider another phenomenon obserred in the electromagnetic

* Frperimental Besenrehes, Sories 18,
t Compies Fendus {1556, pseond helf year, p. 520, and 1857, frst half your, p 12000,
§ Froosadings of the Eoyal Sscety, June 1856 and June 1881
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field. When a body is moved across the lines of magnetic force it experiences what in
called an electromotive force ; thetwnucmiﬁaanfmnbodytmdmhmmaappg.
sitely electrified, and an elecirie current tends to flow through the body. When the
electromotive force is sufficlently powerful, and is made to act on certain eompound
bodies, it decomposes them, and canses one of their components to pass towards one
extremity of the body, and the other in the opposite direction.

Here we have evidence of a force causing an electric current in spite of resist-
ance; electrifying the extremities of a body in opposite ways, a condition which ig
snstained only by the action of the ehcunmnﬁvefmmdwhich,umuthmﬁnm
18 removed, tends, with an egual and opposite force, to produce s counter ourrent
the body and to restore the criginal electrical state of the body; and finally, if strong
enough, tearing to pieces chemical compounds and earrying their components in oppo-
site directions, while their natural tendency is to combine, and to eambine with a fores
which can generate an electromotive force in the reverse direction.

This, then, is a foree acting on a body cansed by its motion through the electro-
magnetic field, or by changes occurring in that field itself; and the effect of the foree is
either to produce & current and heat the body, or to decompose the body, or, when it
can do neither, to put the body in a state of electric polarization,—a state of constraint
in which opposite extremities are oppositely electrified, and from which the bedy tends
to relieve itself as soon as the disturbing force is removed.

(10} According to the theory which I propose to explain this “ electromotive foree®
is the force called into ploy during the communication of motion from one part of the
medium to another, and it is by means of this foree that the mation of one part canses
motion in another part. When electromotive force acts on & conducting eirenit, it pro-
duces & current, which, as it meets with resistance, oconsions & eontinnal transformation
of electrical energy into heat, which is incapable of being restored again to the form of
electrical energy by any reversal of the process,

(11) But when electromotive force acts on a dielectric it produces a state of polam-
zation of its parts similar in distribution to the polarity of the parts of & mass of iron
under the infinence of & magnet, and like. the magnetic polurization, capable of being
described as a state in which every particle has its opposite poles in opposite con-
ditions®.

In a dielectric under lhaacfiunﬂfelﬂnh'umnﬁtefnme,wemay comeeive that the
electricity in each molecule is so displaced that one side is rendered positively and the
other negatively electrical, but that the electricity remains entively connected with the
molecule, and does not pass from ope molecule to another. The effect of this action on
the whole dielectric mass is to produce a general displacement of electricity in & cer-
tmin direction, This displacement does not amount to & current, because when it has
attained to o certain value it remains constant, but it is the commencoment of s carrant
and its variations constitute currents in the positive or the negative direction according

* Fumcar, Exp. Hes. Beries X1, ; Mossorm, Imqleﬂnﬁm.IhHm{Euﬂm},H.:ﬂr.pﬁﬂE. p- 48,
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as the displacement is increasing or decreasing. In the interior of the dielectric there
is no indication of electrification, becanse the electrification of the surface of any molecnls
is neutralized by the opposite electrification of the surface of the melecnles in contaet
with it; but at the bounding surface of the dielectric, where the electrification is not
neutralized, we find the phenomena which indicate positive or negative electrification.

The relation between the electromotive foree sod the amount of eleetric displacement
it produces depends on the nature of the dieleetric, the same electromotive force pro-
ducing generally o greater electric displacement in solid dielectrics, such as glass or
sulphur, than in air.

(12} Here, them, we perceive another effect of electromotive foree, namely, electric
displacement, which according to our theory is a kind of elastic yielding to the action
of the force, similar to that which takes place in structnres and machines owing to the
want of perfect rigidity of the connexions,

(13) The practieal investigation of the inductive cupacity of dielectrics is rendered
difficult on account of two disturbing phenomena. The first is the comductivity of the
dielestric, which, though in many cases exceedingly small, is not altogether insensible.
The second is the phenomenon called electric absorption®, in virtae af which, when the
dielectric is exposed to electromotive foree, the eleetrie displacement gradually increases,
and when the electromotive force is removed, the dielectric does not instantly retumn to
its primitive state, but only discharges a portion of its electrification, and when left to
iteelf pradually acquires electrification on its surface, as the interior pradually becomes
depolarized. Almost all solid dielectries exhibit this phenomenon, which gives rise to
the residusl charge in the Leyden jar, and to several phencmena of electric cables
described by Mr. F. JEXKIN 1.

{14} We have here two other kinds of yielding besides the yielding of the perfect
dielectrie, which we hove compared to o perfestly elastic body. The yielding due to
conductivity may be compared to that of a viscons fluid {that is to say, a fluid having
great interna] friction), or a soft solid on which the smallest force produces a permanent
alteration of figure increasing with the time during which the force acts. The yielding
Aue to eleckric absorption may be compared to that of a cellular elastic body containing
s thick fluid in its cavities. Such a body, whep subjected to pressure, is compressad by
degrees on aocount of the gradual yielding of the thick fluid; and when the pressare is
removed it does not at onee recover its figure, becanse the clasticity of the substance of
the hody has gradually to overcome the tenacity of the finid before it can regain com-
plete equilibrium.

Several solid bodies in which no such structure as we bave sapposed can be found,
seem to possess a mechanical property of this ¥ind ;; and it seems probuble that the

& Figipar, Exp. Bes 1233<1250,
+ Raports of Britsh Amodiotion, 1358, p. 2484 lﬂmdwﬁ&ﬂhﬂﬂufﬂlﬂﬂbmﬂum

Culiles, pp. 136 d 464,
+ o, fur ingtusée, the eomposition of glos, treadle, &, of which small plutio figures are mude, which aft

being Eistarted gradually recover their shape.
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sume substances, if dielectries, may possess the analogous elactrieg] property, and i
magnetic, may have corresponding properties relating to the acquisition, retention, and
loss of magnetio polarity,

(15) It mppears therefore that certait phenomena in electricity and magnetism lagd
tuthnmemnnlna'unmthmeafnptim.nm&l_ﬁ that th&reiuanﬂ.‘ﬂwrmlmedim
pervading all hodies, and modified only in degree by their presence that the parts
this raedium are capable of being set in motion by electric currents and magmets: thap

from the connexions of those parts; that under the action of these forees there is g
certain yielding depending on the elusticity of these connexions: and that therefore
energy in two different forms may exist in the medinm, the one form being the actyal
energy of motion of its parts, and the other being the potential enargy stored up in the
connexions, in virtne of their elasticity.

(16) Thus, then, we are led to the conception of a complicated mechanjsm capable
of & vast variety of motion, but at the same time so connected that the motion of cme
part depends, according to definite relations, en the motion of other parts, these motions
being ecommunieated by forees arising from the relative displacement of the eonnectad
parts, in virtue of their elasticity. Such & mechunism must be subject ta the general
laws of Dynamics, and we ought to be able to work out all the consequences of its

(17) We know that when an electric current iz established in o wondueting cirowuit,
the neighbouring part of the field is characterized by certain megnetic properties, and
that if two r.in:ujumintheﬁeld,thumngnan‘cprw&rﬁmﬂfthuﬁdddmmtham
currents are combined, Thus each part of the field is in connexipn with both enrrents,
and the two currents are put in esnnexion with each other in virtue of their cen-
nexion with the magnetization of the field. The first result of this connexion that
Propose 1o examive, is the induction of one enrprent by another, and by the motian of
conductors in the field.

The second result, which is deduned from this, is the mechanieal action between con-
ductors carrying currents, Tle phenomenon of the induction of currents has been
deduced from their mechanical antion by Hetourz* and Trousox . I have followed
the reverse order, and deduced the mechanical action from the lawg of induetion. I
have then described experimental methods of determining the quantities L, M, N, en
which these phenomeng depend.

of foree at right angles,

* ¥ Comservation of Fopew, " Physienl Bocisty of Berlin, 1847; snd Torron's Belentifls Mamnics, 1853,
p 114,

T Beports of the British Asociakion, 1849, Fhileeoplical Megusins, oo, 1851,



PROFES30H CLERK MAXWELL ON THE ELECTROMAGNETIC FIELD. 465

Tn order to bring these results within the power of symbolical caleulation, I then
gxpress them in the form of the General Equations of the Electromaguetic Field,
These equations express—

(A) The relation between electrie displacement, true conduction, snd the total

current, compounded of both.

(B) The relation between the lines of magnetic force and the inductive coefficients of
a cireait, as already dedoced from the laws of induction,

(C) The relation between the strength of a current and its maguetic effects, aceording
to the electromagnetic system of measurement.

(D} The value of the elsctromotive force in a body, as arising from the motion of the
body in the field, the alteration of the field iteelf, and the variation of electric
potential from one part of the field to another.

(E) The relation between electric displacement, and the electromotive foroe which
produces it

(F) The relation between an electric current, and the electromotive force which pro-
duoces it

(G} ‘The relation between the amount of free electricity at any point, and the electric
displacements in the neighbourhood.

(H)} The relation between the increase or diminution of free electricity and the elec-
trie currents in the neighboarhood.

There are twenty of these equations in all, involving twenty variable guantities.

{19) T then express in terms of these quantities the intrinsic energy of the Electro-
magnetic Field a5 depending partly on its magnetic and partly on its electric pelariza-
tion af every point.

From this I determine the mechanical force mcting, lst, on a movesble conductor
carrying an electric curvent; 2ndly, on a magnetic pole: 3rdly, on an electrified body.

The last resalt, namely, the mechanical force acting on an electrified body, gives rise
to en independent method of electrical mensurement founded on its electrostatic effects,
The relation between the umnits employed in the two methods is shown to depend on
what I have called the  electric elastiolty” of the mediam, and to be a velocity, which
has been experimentally determined by MM. Wener and Kosrganscm

I then show how to caleulate the electrostatic capacity of & condenser, and the
specific indnetive capacity of & dielsctrie.

The case of & condenser composed of parallel layers of substances of different electric
resistances and induective capacities is next examined, and it i ghown that the pheno-
menon called electric absorption will gemerally occur, that is, the comdenser, when
suddenly discharged, will after o ehort time show signs of a remdual charge.

(20} The general equations are next applied fo the case of & magnetic disturbanee
propagated through a non-conducting field, and it is shown that the only disturbances
which can be so propagated are those which are transverse fo the direction of propaga-
tion, and thet the velocity of propagation is the velocity », found from experiments such
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as those of WERER, which expresses the number of electrostatic units of electricity
which are contained in one electromagnetic unit.

This velocity is so nearly that of light, that it seems we have strong ressom to com-
clude that light itself (including radiant heat, and other radiations if any) is an electro-
magnetic distarbance in the form of waves propagated through the electromagnetic field
according to electromagnetic laws. If so, the agreement between the elasticity of the
medium as calculated from the rapid alternations of luminous vibrations, and as fonnd
by the slow processes of electrical experiments, shows how perfect and regular the
elastic properties of the medinm must be when not encombered with any matter denser
than air. If the same churacter of the elasticity is retained in dense transparent bodies,
it appears that the square of the index of refraction is equsl to the product of the
specific dielectric capacity and the specific magnetic capacity. Conducting media are
shown to absorb such radiations rapidly, and therefore to be generally opague.

The conception of the propagation of transverse magnetic disturbances to the exelo-
sion of normal cnes is distinetly set forth by Professor FArapar® in his “Thoughts on
BRay Vibrations.” The electromagnetic theory of light, as proposed by him, is the same
in substance as that which I have begun to develope in this paper, except that in 1846
there were no data to calenlate the velocity of propagation.

{21) The general equations are then spplied to the caleulation of the coefficients of
mutuel induction of two cirenlar corrents and the coefficient of selfinduction in a eoil
The want of uniformity of the current in the different parts of the section of a wire at
the commencement of the corrent is investigated, I believe for the first time, and the
consequent eorrection of the coefficient of self-induction is fonnd.

These results are applied to the caleulation of the self-induction of the coil used in.
the experiments of the Committee of the British Association on Standards of Electric
Resistance, and the value compared with that dedoced from the experiments,

PART IL—ON ELECTROMAGNETIC INDUCTION.
Electromagnetic Momentum of a Ourrvent,

(22) We may begin by considering the state of the field in the neighbourhood of an
electric current.  'We Jmow that magnetic forces are excited in the field, their direction
and magnitude depending accordivg to known laws upon the form of the eondoetor
carrying the current.  ‘When the strength of the current is increased, all the magnetio
effects are increased in the same proportion. Now, if the magnetic state of the field
depends on motions of the medinm, a certain force must be exerted in order to inorease
or diminish these motions, duvd when the motions are excited they continue, so that the
effect of the connexion between the current and the electromagnetic field surrounding
it, is o endow the cwrrent with & kind of momentum, jost as the connexion between
the driving-peint of o machine and a fiy-wheel endows the driving-point with an addi-

* Fhileeophionl Mogasine, Muy 1848, or Experimontal Researches, 5, p. 447.
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{ional momentum, which may be called the momentom of the fiy-wheel reduced to
the driving-point. The unbalanced foree acting om the driving-point increnses this
momentutn, and is measured by the rate of its increase.

In the case of electric currents, the resistance to sodden increase or diminution of
strength produces effects exactly like those of momentum, bot the ameunt of this mo-
mentum depends on the shape of the conductor and the relative position of its different

parls
Mutual Action of two Currents.

(28) If there are two electric currents in the field, the magnetic fores at any point is
that compounded of the forces due to each curvent separataly, and since the two currents
are in connexion with every point of the field, they will be in connexion with each other,
50 that any increase or diminution of the one will prodwce a force acting with or con-
trary to the other.

Drymamical Ivstration of Reduced Momentin.

(24) As a dynamical illustration, let us suppose & body C so commected with two
independent driving-points A and B that its velocity is p times that of A together with
g times that of B. Let u be the velority of A, o that of B, and o that of C, and let &,
&y, 3 be their simaltaneous displacements, then by the general equation of dynamics®,

d
O ie=Xar+ Yoy,
where X and Y are the forces acting at A and B,
ot dw  du . de
F=Patia
and
Az =pir +gly.
Substituting, and remembering that ér and &y are independent,
X=7(Cplu-+Crgv),
L] + L] + L " - " * Ll - [1]
d
= g Cpqu-+Cg'e).

We may call Cp'u+Cpgo the momentum of C referred to A, and Cpgqu4Cy'n its
momentum referred to B then we may say that the effect of the force X is to increase the
momentum of C referred to A, and that of ¥ to increase its momentom referred to B,

If there are many hodies connected with A and B in a similar way but with different
vilues of p and g, we may treat the question in the same way by assuming

L=3(Cp"), M=3(Cpg), wnd N=3(Cs')
® Lumunex, Mée, Anal ii. 2. § &
MDCCOLEY. ds
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where the summation is extended to all the bodies with their proper values of C, P =ndy,
Then the momentum of the system referred to A is

La My,
and referred to B,
Mu+ N,
and we shali have
d
I=§{I“+MFJ:

d " {!}
Y =E{MHHEJ'}

where X and Y are the external forces acting on A and B.

{45} To make the illustration more complete we have only to suppose that the
motioh of A is resisted by a force proportional to its veloeity, which we may call Ru,
and that of B by a similar foree, which we may call 8¢, B and 8 being coefficienis:of
resigtance. Then if § and 5 are the forces on A and B

§=X - Ru=Ru- o (Lu+Mr),
, - (3)
=Y +80 =5y +E { Mau4New) )

If the velocity of A be increasad at the rate %‘. then in order to prevent B from moving

a foroe, a=£—{1ﬂﬂ} must be applied to it.

This effect on B, due to an inareass of the velocity of A, corresponds to the slectrg-
motive force on one cirenit arising from an increase in the strength of a neighbonring
eircuit.

This dynamies] illustration is to be considered merely as assisting the reader to under-
stand what is meant in mechanics by Reduced Momentum, The facts of the indoction
of currents as depending on the variations of the quantity called Electromagnetic Mo-
mentum, or Electrotonic State, rest on the experiments of Fapapat®, Feuierf, &e

Coeflicients af Induction for Twe Cirewits,

(26) In the electromagnetic field the values of L, M, N depend on the distribution
of the magnetic effecta due to the two circuits, and this distribution depends only on
the form and relative position of the circuits. Henece L, M, X are quantities depending
on the form and relative position of the circuits, and are subject to variation with the
motion of the conductors. It will be presently seen thot L, M, N are geometrical
quantities of the natnre of lines, that is, of one dimension in epace ; L depends on the
form of the first conductor, which we shall call A, N on that of the second, which we
shall eall B, and M on the relative position of A and B,

{37} Let £ be the electromative foree acting on A, & the strength of the current, and

* Experimental Rescarches, Series T, TX. t Annoles de Chimde; sdr. 8. xxxir, (1852} p. 6.
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R the resistance, then Bs will be the resisting force. In steady currents the electro-
motive force just balances the resisting force, but in variable corrents the resultant
foree =Rt is expended in increasing the * electromagnetic momentum,” using the
word momentnm merely to express that which is generated by » force acting during a
time, that is, a velocty sxisting in & body.

In the case of electric currents, the force in action is not ordinary mechanieal foree, st
least we are Dot as yet able to measure it as common force, but we call it electromotive
force, apd the body moved is not merely the electricity in the conductor, but something
outside the conductor, and capable of being affected by other conductors in the neighbour-
hood carrving carrents.  In this it resembles rather the reduced momentum of a driving-
point of a machine as influenced by its mechanical gponmexions, than that of a simple
moving body like & cannon ball, or water in a tobe.

Elsctromagnatic Relations of two Conducting Circwits.
(28.) In the case of two conducting civenits, A and B, we shall assume that the
electromagnetic momentam belonging to A is
Lz +My.

Mz 4Ny,
where L, M, ¥ correspond to the same goantities in the dynamical illustration, excepl
that they are supposed to be eapable of variation when the comdootors A or B are

maoved.
Then the equation of the curvent « in A will be

and that belonging to B,

E=RetlotMy) - - - . .- - o - - (8)
and that of y in B .
=By (Mr+Kyh . . . . . - - o . ()

where £ and 5 are the electromotive fovces, and y the currents, and R and S the
rogistances in A and B respectively.
Induction of one Current by another.
(29) Case 1st. Let there be no electromotive force cn B, except that which arises
from the action of A, and let the corrent of A increase from 0 to the value 2, then

Sy+ (M Ky)=0,

whence
]
Y:I it —— %.ﬂ-‘,

that is, o quantity of electricity ¥, being the total induced eurvent, will flow through B
when & rises from 0 to 2 This is induction by variation of the current in the primary
Sed
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conducter.  'When M is positive, the induced current due to incresse of the primary
COITENt is negative.
Induction by Motion of Conductor,
{30) Case Znd. Let T remain constant, and let M change fiom M to M, then

M
Y= £ HE‘}.

50 that if M is incressed, which it will be by the primary and secondary cireuits
approaching each other, there will be & negative Induced current, the total quantity of
electricity passad through B being Y.

This is induction by the relative motion of the primary and secondary condactors,

Eguation of Work and Energy.
(81) To form the equation between work done and energy prodeced, multiply (1) by
# and (2] by g, and add
)
Erty=Re Sy b (Lo My) by M+ Np). . L L L (g)
Here Er is the work done in unit of time by the electromotive foree E neting on the
current & and maintaining it, and sy is the work dene by the electromotive foree .
Hence the left-hand side of the equation represents the work done by the electromative
forees In unit of time,
Heat produced by the Current.

(82) On the other side of the eguation we have, first,

R.T"!‘S*'!-H, 5 + [ i ' ] " N ® s * {-“_}
which represents the work done in overcoming the resistance of the cirenjts in unit of
time. This is converted into heat. The remaining terms represent work not converted
into heat. They may be written

355 (Ta 4 IMay 4 Ny) 1 Sy iy

Intringic Energy of the Currents.

{(33) If L, M, N are constant, the whole work of the electromotive forces which is
not spent against resistance will be devated to the development of the eurrents, The
whale intrinsic energy of the currents is therefore

't May+INy'=F. . . . ., | | )
This energy exists in a form imperceptible to our senses, probably as actoal motion, the
seat of this motion being not merely the conducting circuits, but the space surrounding
them,
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Mochanieal Aetion hetwesn Conductors.
{34) The remaining terms,

dL d M
e M Npow . L L L L. Y

represent the work done in unit of time arising from the variations of L, M, and N, or,
what is the same thing, alteraticns in the form and position of the conducting circuits
A snd B.

Wow if work is done when o body is moved, it must arise from ordinery mechanical
foree aoting on the body while it is moved. Hence this part of the expression shows
that there is » mechanical force urging every part of the condoctors theraselves in that
direction in which L, M, and N will be mest increased.

The existence of the electromagnetic force between conductors earrying currents is
therefore n direct consequence of the joint and independent action of each current on
the electromagnetic field. If A and B are allowed to approach a distance ds, so as to
increase M from M to M' while the currents are & and y, then the work done will he

(M —DL jayr,
and the force in the direction of d= will be

d B

I-‘#, =& 5 CR s = n = v om - {12}
and this will be an sttraction if £ and y are of the same sign, and if M is inoreased as

A and B approach.
1t appears, therefore, that if we admit that the unresisted part of electromotive furee

goes on 8s long @8 it acts, generating n self-persistent state of the carrent, which
we may call (from mechanical analogy) its electromagnetic momentum, and that this
momentum depends on ciroumstances external to the conductor, then both induction of
eqrrents and electromagnetic attractions may be proved by mechanical rensoming.

‘What 1 have called electromagnetie momentum is the same quantity which is called
by Faranav® the electrotemic state of the cireuit, every change of which involves the
action of an electromotive force, just as change of momentum involves the action of
mechanical foree.

If, therefore, the phenomens described by FiRanay in the Ninth Series of his Expe-
rimentsl Researches were the only known facts about eleetric currents, the laws of
Awring relating to the attraction of comductors éarrying currents, as well as those
of FaRADAT about the mutual induction of currents, might be dedeced by mechanical
IERSOTIIDG.

In ordar to bring these results within the range of experimental verification, I shall
next investigate the case of a single current, of two currents, and of the six currents
in the elestric balance, so as to enable the experimenter to determine the values of

L, M, N
* FExperimentsl Hesonrches, Beries 1. 80, &z,
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Case of w single Céreuit,

(45) The equation of the current r in a cirenit whose resistance is R, and whase
eoefficient of self-induction is I, acted on by an external electromotive foree T

E-.ETE%IA.‘....... - e s (18)

When £ is constant, the soletion ig of the farm

_j:‘m=s:+{¢—¢j{f. C Ly

The value of the integral of #* with réspect to'the time is

-'[:a:‘:i!-——ﬁ'l!+['m—-.i!l‘:li' B L am

The actual carrent changes graduslly from the fnitial value a to the final value &, but
the values of the integrals of # and #* are the same as if' & steady current of intensity

Ha48) were to ﬁuwfurnﬁm&ﬂL,nndwerc then succeeded by the steady current 3,
E

The time EE is generally so minute a fraction of a second, that the effects on the galvano-

metét and dynamometer may be caleulated as if the impulse were instantanesms.
If the cirenit consists of n battery and a coil, then, when the cirouit is st completed,
the mffiects wre the same s if the ourrent had only half its final strength during the time

EE, This diminution of the current, due to induetion, js sometimes called the counter-
ourrent.

(98) If an additional resistance r is snddenly thrown into the ecircoit, as by breaking
contact, 80 as to force the current to pees through a thin wive of resistance r, then the

original current fs g= .E, and the final current is &-ﬁ;-

The current of induction is then iiﬂi%%, and continues for s time BE-EJ-?' This

elirrent is greater than that which the battery ean maintain in the two wires R and r,
and may be sufficient to ignite the thin wire r.

When contact is broken by separating the wires in air, this additional resistanes is
given by the interposed air, and sinee the electromotive foree neross the new resistanoe
iE Yery great, a spark will be forced neross,
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If the electromotive force is of the form Esinpt, as in the case of a eoil revolving in
g magnetic field, then £
4‘=?iiﬂ{1}f-— )y

where =R+ L, and tan e="5-

Case gf two Cireudis.

(87) Let I be the primary cirgoit and & the seeondary circuit, then we have a case
similar to that of the induction coil,

The eguations of currents are those marked 4 and B, and we may here assume
L, M, ¥ as consient because there is no motion of the conductors, The eguaticns

then become " i
Br4L -+ M5=F
dr o (19%)

Sy +M T+ N =0,

To find the total quantity of electricity which passes, we have ooly to integrate these
equations with respect to t; then if &, y, be the strengths of the eurrents ot time 0,
and z,, ¥, at time ¢, and if X, ¥ be the guantities of electricity passed through each
circuit during time £,

1
E=E{H+Hﬁ'ﬁ_3|}+ﬂ[’ﬂ'n"?d}l
) (14%}
Y=§[H{3-“3|3+F{3'i-3'n:|}
“When the cirenit I is completed, then the total currents up to tima &, when # is
great, are found by making
= l:', .:l',_=%., ﬂ.=ﬂ, FI={|':
then
L M
K= (ETE)' Y=—g#- « « « - 1 - {15%)

The value of the total counter-current in B is therefore independent of the secondary
cirenit, and the induction ewrent in the secondary circuit depends only on M, the
coofficient of indoction between the coils, 5 the vegistance of the secondery coil, and
#, the final strength of the current in R.

When the electromotive force ¥ ceases to act, thers is an extia enrrent In the pri-
mary cireuit, and a positive induced enrrent in the seccndary circuit, whose values are
equal and opposite to these produced on making contact.

(38) All questions relating to the total guantity of transient currents, a8 measured
by the impulse given to the magnet of the galvanometer, may be solved in this way
without the necessity of a complete solution of the equations. The heating effect of
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the current, and the impulse it gives to the suspended codl of Wepgr's dyhamometer,
depend on the square of the corrent at every instant during the short time it laags-
Hence we must obtain the solution of the equations, and from the solution we may fing
the effects both on the galvanometer and dynamometer: and we may then make use of
the method of WEBER for estimating the intensity and deration of & current uniform
while it lasts which would produce the swme effects.

(98} Let m,, 5y be the roots of the equation

(LN=Mn' +(BN+LSm+RS=0, . , . . , . (g

and let the primary coil be acted on by a constant electromotive fores Re, so that ¢ is
the constant current it could maintain; then the complete solution of the equations for

making contact is
mgﬂ%‘{(f—:+ﬂ)ﬂ'—(§+ﬂ)ﬂ+$5:ﬁ"}, C ..M
g=%ﬁ—'l%!{ﬁ'—ﬂ}....,.i.......{IB}
From these we obtain for calcolating the impulse on the dynamometer,
jﬁhr{s—aﬁ—in—ﬁ'—m}, ot L
jrdh&iﬁ'mlirﬂ—ﬁ.i;' T £

The effects of the corrent in the secondary coil on the galvenometer and dynamometer
are the same as those of & uniform current

. MR
—1 EN4 LS

L ¥}
2(w+5)
(40) The equation between work and energy may be easily verified. The work done
by the electromotive foree is

for a Hme

Efrde=c{Re=L),
Work done in overcoming resistance and producing heat,
Rs*dt-+8fydt=c(Re—F L),
=1L

(€1} If the circnit R is suddenly and completely interrupted while carrying a current
&, then the equation of the current in the secondary coil would he

Energy remaining in the system,

ynﬂ%&'#'.

This enrrent beging with a value c%, and gradually dizappears.
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Thestotal quantity of electricity is :g, and the value nf‘j_q’dtisd’%-
The effects on the galvanometer sud dynamometer are equal to those of & uniform
current ia%hlﬁm&ﬂgr
The heating effect is therefore greater than that of the eurrent on making contact.
(42) If an electromotive foree of the form §=TE cos pf acts on the circuit B. then if
the cirenit 8 is removed, the value of z will be
r=7 sin  pt—x)

whera

Ar=R'4-Lp,

"

The effect of the presence of the circuit § in the neighbourhood is to alter the value
of A and &, to that which they would be if K become

and

E+?=F_]!_‘;ﬁm*
and L became

MM
L—p'gmv
Henee the effact of the presence of the circuit Bis to increase the apparent resistance and
diminish the apparent self-induction of the circuit R.

(48) The electric balance consists of six con-
ductors joining four points, AC DE, two and two.
Ous pair, A C, of these points is connected through
the battery B. The opposite pair, DE, is eonnected
through the galvanometer G, Then if the resistances
of the four remsining conductors are represented by
P, Q, R, 5, and the currents in them by , ¥—= #
mdg+=,thamrentthmughﬂwﬂlba:. Let the *
potentials at the four pointsbe &, G, D, B Then the conditions of steady currents raay
be found from the equations

Pe=A-D Y r—z)=D=C,
By—A-E  S(g+e)=BE—0C, b . . - - . - . - (@)
Gz=D—E B(s+yj=—A+C+F.

Bolving these equations for z, we find
p+gtytstB p+i) (g+s)+© [}hﬂ) (5+8) +£ﬁﬂ(r+u+n+a}}=r(l,‘—3-£i (22)
By

MDCOCLEY,
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In this expression F is the electromotive force of the battery, = the currant through
the galvanometer when it has become steady. P, Q, B, 8 the resistances in the fopr
wme B that of the battery and electrodes, and G that of the galvanometer.

(44) If PS=QR, then s=0, and there will be no steady current, but & trassisst
current through the galvanometer may be produced on making or breaking cirouit og
aeeount of indoetion, and the indications of the galvanometer may be used to determine
the eoefficients of induction, provided we understand the actions which take Place,

We shall suppose PE=QR, so that the current ¢ vanishes when sufficient time is

allowed, and
PP
#(P+Q)=p(R+8)= b urR s o CB{P s RET

Let the induction coefficients between P, Q, B 8, be
given by the following Table, the coefficient of induction
of P on itself being o, between P and C), &, and so on

Let g be the coefficient of induction of the galvanometer
on itself, and lst it be out of the veach of the inductive
infleence of P, Q, R, 8 (as it must be in order to avoid
direct action of F, Q, R, § on the needle). Let X, Y, Z be the integrals of &, g &
with respect to #. At making contact £, g, # are zere. After s time 2 disappears, and
« and y veach constant values. The equations for each conductor will therefors b

rx +(p+h Jog-(k +1 jy=[Adt—[Dds,
QX—=Z)+(+g Jed-(mtn)y=[Ddi-fCat,
BY  t(ktmpslr oy=[adt—[Ede|. . . . . (24)
BY4Z) 4(I4n (o +sly=[Edt—[Cdz,

Solving these equations for 7, we find
apratats+B(prr) (@) +0(b+a) () +rase P+ a4 R8)
=Gkt ) () () (o) |
+n(a=s)+o(s—x)} J
(43) Now let the deflection of the galvanométer by the instantaneous earrent whose
intensity is & be .
Let the permanent deflection produced by making the ratio of PS to QR, g instesd of

umnity, be 4
Also let the tigre of vibration of the gulvanometer needle from rest to rest be T.

= b bt ey

D
2 3@ o
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Then calling the quantity
£ g4 (o) 2 (5 2) Hr D) () (3 ) +omm) = 0
we find

]
—

B_pemdaT_ T L., . {2T)
F hl.n.ilri—l

In determining v By experiment, it is best to make the alteration of resistance in one
of the arms by means of the arrangement described by Mr. Jevmiy in the Report of the
Tritish Assogiation for 1863, Ly which any value of ¢ from 1 to 1-01 can be accurately
measzured.

We observe (=) the greatest deflection due to the impulse of indoction when the
galvanometer is in circuit, when the connexions are made, and when the resistances are
s0 adjusted s to give no permanent current.

We then observe (8) the greatest deflection produced by the permanent current when
the resistance of one of the arms is mereased in the ratio of 1 to p, the galvanometer
not baing in circuit till a little while after the connexion is made with the battery.

In order to eliminate the effects of resistance of the air, 1t is best to vary ¢ till =2

1y then
nearly "=T%f.1_i'}!t.:ihﬁ.' T 1)

1f all the arme of the balance except P consist of resistance coils of very fine wire of
no great length and doubled before being coiled, the induction coefficients belonging to

these coils will be insensible, and » will be reduced to E The electric balance there-

fore affords the meuns of messuring the self-induction of any cirenit whese resistance is
known.

(40) It may also be used to determine the coefficient of induetion between two
girenits, as for instance, thet between F' and 8 which we have called m : but it would be
more convenient to moasure this by directly measuring the carrent, as in (87}, without

wsing the balanve, We may also ascertain the equality of £ and 7 by there heing no

current of induction, and thus, when we know the value of p, we may determine that of
¢ by a more perfect method then the comparison of deflections.

Erplovation of the Electromagnetic Field.

(47} Let us now suppose the primary circuit & to be of invariable form, and let us
explore the electromagoetic field by means of the secondary cireuit B, which we shall
suppose to be variable in form and position.

We may begin by supposing B to comsist of a short straight conductor with its exire-
mities eliding on two parallel comducting rails, which are put in connexion at some
distonce from the sliding-piece.

Brd
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Then, if sliding the moveable conductor in a given direction incresses the value of M,
@ negative electromotive force will act in the circuit B, tending to produce a nagative
current in B during the motion of the sliding-pirce.

If a eurrent be kept up in the cirenit B, then the sliding-piece will itself tend to
move in that direction, which canses M to inerease. At every point of the field there
will always be & certain direction such that a eonductor moved in that direction does
not experience any electromotive force in whatever direction its extremities are turned,
A conductor carrying a ourrent will experience no mechanical force urging it in that
direction ar the opposite.

This direction is called the direction of the line of magnetic foroe throngh that paing

Muotion of & conductor agross guch a line produces electromotive foree in a direetion
perpendicular to the line and to the direction of motion, and a conducior earrying &
current is urged in a direction perpendicular to the line and to the direction of the
fmrrent.

(48) We may next suppose B to consist of a very small plane efrcuit eapable of being
plaged in any position and of having its plane turned in any direction. The value of M
will be greatest when the plane of the circuit is perpendicular to the line of magnetic
force. Henee if a current is maintzined in B it will tend to set itself in this pogition,
and will of itself indicate, like a magnet, the direction of the magnetic force.

On Lines of Magnotic Force.

(49) Let any surface be drawn, catting the lines of magnetic force, and on this sur-
face let any system of lines be drawn at small intervals, so as to lie side by side without
cutting each other. Next, let any line be drawn on the surface cutting all these lines,
and let a second line be drawn near it, its distance from the fivst being such that the
valae of M for each of the small spaces enclosed between these two lines and the lines
of the flrst system is eqnal to unity.

In this way let more lines be drawn so as to form s ssennd system, 5o that the value of
M for every reticulation formed by the intersection of the two systems of lines is unity.

Finally, from every point of intersection of thess reticylations let a line he drawn
through the field, always coinviding in direction with the direction of magnetie force.

(60) In this way the whole field will be filled with lines of magnetic force at regular
intervals, and the properties of the electromagnetic field will be completely expressed
by them.

For, 1st, If any closed curve be drawn in the field, the valoe of M for that oorve will
be expressed by the number of lines of force which pass throngh that elosed corve.

Zndly. If this curve be a conducting circeit and be moved through the field, an
electromotive force will act in it, represented by the rate of decroase of the number of
lines passing through the corve.

Srdly. If a current be maintained in the ciremit, the conductor will be acted on by
forces tending to move it so s to increase the number of lines passing throngh it, and
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the smount of work done by these forces is equal to the current in the cirouit mnlti-
plied by the number of additional lines.

4thly. Haamaﬂlplmadrmitbeplaneﬂhtheﬁﬂd,audbeﬁtehmuwmplmﬂ
iuplﬂ.nﬂpmpeﬂﬂimﬂﬂmﬂlelinuuffum. .Luma]lma.gnetrﬂlplamiuﬂfwith'itu
n:ismthed.ira:timufﬂm]inﬁ-nffnrne.

Bthly. Enlunguiﬁurﬂ]ymngneﬁmdhniuplmﬂhthaﬁald,mh pole will be
wmﬂmbynfmminih&dh&ﬁunﬂfth&ﬂﬂﬂﬂfﬂnm The namber of lines of force
gua.ingthmnghnnitnfmiamﬂmthaﬂ:-maautingmnunitpulemnltipliaﬂ by a
coefficient depending on the magnetic nature of the medium, aod called the poefficient
of maguetic induetion.

In fleids wnd isotropic solids the velue of this coefficient p i the same in whatever
direction the lines of force pass through the substance, but in crystallized, strained, and

.zeil solids the value of p may depend on the direction of the lines of force with
Iﬂpenttnthamuuf:rymllimﬁnn,utmin,mgmwth.

In all bodies @ is affected by temperature, and in iron it appears to diminish as the

intengity of the magnetization increnses.

On Mapnstic Equipotential Surfaces.

(51) 1f we explore the field with & uniformly magmatized bar, so long that one of its
poles is in & very weak part of the magnetic field, then the magnetic forces will perform
work on the other pole os it moves sbout the field.

Ifweatanﬁ-umagirenpuint,mﬂmmthinpul&frnmittnanyutharpuint.tha
work performed will be independent of the path of the pole betwesn the two points;
provided that no electric current passes between the different paths pursued by the pola.

Henee, when there are no electric currents but only magnets in the field, we may
draw a series of surfaces such that the work done in passing from one to another shall
be constant whatever be the path pursued between them. Such surfaces are called
Fquipotentisl Surfaces, and in ordinary cases are perpendicular to the Lines of mag-
netic force.

If these surfaces are so drawn that, when s unit pole passes from any one to the
next in order, unity of work is done, then the work done in any motion of & magnetic
pole will be measured by the strength of the pole multiplied by the number of surfaces
which it has passed through in the positive direction.

(52) If there are circuits carrying electric eurrents in the field, then there will still
be equipotential surfaces in the parts of the feld extern#l to the conductors carrying the
eurrents, but the work done on & unit pole in passing from one to ancther will depend
on the number of times which the path of the pole circulates round any of these
carrents. Hmthapﬁmﬁalhuchanrfaﬂewﬂlhlwaiﬁﬁmuf?ﬂnminuim
metical progression, differing by the work done in passing completely round one of the
comrrents in the field.

The equipctential surfaces will not be continmous closed sorfaces, but ecme of them
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will he limited sheets, terminating in the electric eircuit as fheir common edge or
boundary. The number of these will be equal to the amount of work dong on n unjt
pole in going round the current, and thisby the ordinary messurement = 4=y, where 5
is the value of the current.

These surfaces, therefore, ave connected with the electrie ¢urrent as soap-bubbles are
counected with a ring in M. Prareav’a experiments. Erery current y has dvy mrfaces
attached to it. These surfaces have the currant for their common edge, and meet jt at
equal anglee.  The form of the surfaces in other parts depends on the presence of pther
aurrents and magnets, as well as on the shape of the cirenit to which they belong.

PART IIL—GENERAL EQUATIONS OF THE ELEUTROMAGNETIC FIELD.

{63 ) Let ne assume three rectangular directions in spuce 83 the axes of £, g, and 5,
and let all quantitios having directjon be expressed by their components in these thres

ivect

Frestions; Elevtrical Currents {p, g, T}

(64) An electrical owrrent consists in the transmission of electricity from one part of
a body to another. Let the quantity of eloctricity transmitted in unit of time across
unit of area perpendicular to the axis of # be called #, then p is the component of the
current at that place in the direction of .

We shall use the letters p, g, r to denote the components of the current per unit of
aren in the directions of o, y, =.

Electrizal Displacemsnts {f, g, h).

(B8) Electrical displacement sonsists in the opposite eleetrification of the sides of a
malecule or particle of o body which may or may not be accompanied with transmission
through the bedy. Let the quantity of electricity which would appear on the faces
dy.dz of an element dz, dy, ds cut from the body be f.dy.dz, then fis the component
of electric displacement purallel to &, We shall use f, g & to dehote the electrie
displacements parallel to s, # & respectively,

The varintions of the electrical displacement mnst be added te the currents p, g, r to
get the total motion of electricity, which we may call ¢, ¢, +, so that

r=p+4,
7=0+%,
Electromotive Force (P, Q, B).

(06) Let P, Q, R represent the compenents of the electromative force at any point
Then P represents the difference of potential per unit of length in & conductor

(4)

Ld
-
[
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placed in the direction of x at the given point. We may suppose an indefinitely short
wire placed parallel to ¥ at a given point and touched, during the action of the force P,
by two emall eonductors, which are then insulated ahd removed from the influemce of
the electromotive fores, The value of P might then be aseertained by messuring the
charge of the conductirs.

Thius if { be {he length of the wire, the difference of potential st its ends will be PY,
and if O be the capacity of esch of the small comductors the charge on each will be
JCPL  Binee the capacities of moderately large conductors, measured on the electro-
magnetic system, are exceedingly small, ordinary electromotive forces arising from
ﬂmmmngnet&nanﬁnmmuldhatdlyhammmmdintbjamr. In practice such measure-
mmhma}mglmﬁdewﬂhlmghmﬂumfﬁrmingﬂﬁad or nearly closed clreuits.

Elsetromagnetic Momentum (F, G, H).
{67) Let F, G, H represent the components of electromagnetic momentum af any
point of the field, due to any system of magnets or currents.
Then F is the totel impulse of the electromotive force in the direction of & that would
be generated by the removal of these magnets or cufrenits from the fleld, that is, if P
be the electromotive force at any instant during the removal of the system

F={Pdt
Hence the part of the electromotive force which depends on the motion of magnets or
currents in the field, or their alteration of intensity, is
P—_ 9% u=—%, __%H. e 1]

{ﬁﬁ]lﬁlbethulmgthuﬂhndmnﬂ,ihmifmhugnﬂ
I(F§+G%+E%)dr. O 1)

round the cirenit, we shell get the total electromagnetic momentum of the circuit, or the
pumber of lines of magnetic force which pass through it, the variations of which measure
the total electromotive foree in the cirenit. This electromagnetic momentum ia the
same thing to which Professor Famanar has spplied the name of the Electrotonic State.

1f the cireit be the boundary of the elementary area dy dz, then its electromagnetic
momentum is

and this is the number of lines of magnetic forbe which pass through the area dy ds.
Magnstio Force (=, f, ¥)-

(69} Let &, 3, y represent the force acting on & unit magnetic pole placed at the
given point resolved in the divections of =, §, and &
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Coefficient of Magnetic Tnduction (p),

(60) Let g be the ratio of the magnetic induction in & given medium to that in ajr
under an equal magnetizing force, then the number of lines of force in wnit of ireg
perpendicular to & will be e (@ is & gquantity depending on the nature of the medinm,
its temperature, the amount of magnetization already produced, and In crystalline bodies
verying with the direction).

(61} Expressing the electric momentum of small circuits perpendicular to the thres
nxes in this notation, we obtain the following

R

Eguations gf Currents.
(82) It is known from experiment that the motion of a magnetic pole in the electro-
magnetic field in a elosed cirewit cannot generate work unless the cirouit which the pole
describes passes round an electric current, Henes, except in the space occupied by the

electrio currents,
aelr 4 Bdy 4 yds = de o 1§
& camplete differential of ¢, the magnetic potential,

The quantity g may be susceptible of an indefinite number of distinet values, sccording
to the number of times that the exploring point passes round electrie currents in its
course, the difference between successive values of p corresponding to a passage com-
pletely round a current of strength o being dwe.

Hence if there is no electric current,

— % _p.
dy " de 7
but if there is & curvent g,
g—%:h}il.
Bimilarly,
s
E_g:w’ v ® P P m}
dg  da
E-—-E:"ﬂ".]
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Flectrometive Force in o Cirewif.
(83) Let £ be the electromotive force acting round the eireuit A, then
t=f(pErad+nG)as. .- ()

whtmﬂsiathedmmtnflmgth,mdthainﬂegmﬁmhpﬂﬁumdm;ﬁﬂthtﬂwnih
Let the forces in the feld be those due to the ecircnits A and B, then the electro-
magnetic momentum of A is

de
j{]‘;ﬂ-&%+ﬂ§}ﬂr=lﬂ+ﬂm C e e e . . (38)
where & and + are the eurrents in A and B, and
o
R Y I €
Henm.ifthmisnumnﬁunﬁfﬂmdmilﬂ., -
_ 4F ¥
P-——'E—'E:!
Q=_-§IE__%I',.,..,.....(35}
gl aIr
R=="g—&"

where ¥ is a function of z, ¥, =, and £ which is indeterminate as far as regards the
solution of the sbove equations, because the terms depending on it will disappear on
integrating round the circuit The quantity ‘¥ can alwwys, however, be determined in
any particular case when we know the actual conditions of the question. The phyeical
interpretation of ¥ is, that it represents the electric potential at each point of space.

Electromotive Foree on o Moving Conductor.
(64) Lot a short straight conduetor of length a, puraliel to the sxis of z, move with

avelnﬁtywhnsammpuuauum%,%*%,mﬂlﬂiﬂuﬂmﬂﬁuﬂi&aﬂmm

parallel conduetors with a velocity . Lot us find the alterstion of the electro-
magnetic momentum of the circoit of which this arrangement forms a part

In unit of time the moving conduactor has travelled distances %’. %’, g Hlung' the
directions of the three axes, and at the sume time the lengths of the parallel conductors

included in the circuit have each been increased by 5

Hence the quantity _
' j'(F AN RS T

MDCOCLYY. 3vu
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will be ingreased by the following increments,

-3 %-i—"F i':] due to motion of eonductor,

- —af r:g e A ;), dus to lengthening of circnit.
The total inerement will therefore e
aFr JE dH dF 2=
( —tlETE
or, by the equations of Magnetic Foree [ &,

—& {W%‘Fﬁg}

If P is the electromotive foree in the maoving conductor parallel to & referred to unit
of length, then the actnal electromotive force is Pe; wnd since this is measnred by the
degrement of the electromagnetic momentoam of the sirenit, the electromotive fores due
to motion will be

=uy Wl L C .. (36)

(65) The complete equations of electromotive force on a moving conductor may now
be written as follows:— -

Eguations of Elsctromotive Foree.
dF  a¥

P—F(T?'_EEF —F &’ [
(T av '
E—F"{ﬂu&—" ;:) ~F—&" |

The first term on the right-hand side of each equation represents the electromotive
foree wrising from the motion of the conductor itself. ‘This electromotive foree is per-
pendicular to the direction of motion and to the lines of magnetic force; and if a
parallelogrom be drawn whose sides represent in direction and magnitnde the velocity
of the conductor and the magnetic indoction at ¢that point of the field, then the aren of-
the pavallelogram will represent the electromotive force due to the motion of the con-
ductor, and the direction of the force is perpendicular to the plane of the paralldogram,

The second term in esch equation indicates the effect of changes in the position or
strength of magnets or corrents in.the feld.

The third term shows the effect of the electric potentinl ¥. It has no effect in
causing & circulating corrent in a closed cirewit. - It indicates the existence of a force
urging the electricity to or from certain defipite points in the field,



PROFESS0OE CLERE MAXWELL ON THE ELECTROMAGRETIC FIELIM. o485

Elsctric Elasticify.
(66) When an eleclromotive force acts on a dielectric, it puts every part of the
- dielectrie into a polarized condition, in which its opposite sides are oppositely electri-
fied, The amount of this electrification depends on the electromotive foree and on the
nature of the substance, and, in solids having a structure defined by axes, on the direc-
ticm of the elestromotive force with respect to these axes. In isotropic substances, if &
is the ratio of the electromotive force to the electric displacement, we may write the

Eguations of Eleciric Elasticity,

P=#,
u=§;}._-_........{:ﬁ}
B=kh

Elrctric_Resistance,

{87) When sn electromotive force acts on a conductor it produces o current of elec-
tricity throngh it. Thiz effect iz additional to the electrie displacement alvesdy con-
sidered. In solide of complex structure, the relation between the electromotive foree
and the earrent depends on their direction through the solid. Tnisotropic substances,
" which slone we shall here consider, if ¢ is the specific resistance referred to unit of
- yolume, we may write the-

=—w: -
O £ 1
BE=—gr.

Electric Quantity.
(68) Lat ¢ represent the quantity of free positive clectricity contained in unit of
_ volume at any part of the field, then, since this arises from the electrification Dfﬂl-e
different parts of the field not nentralizing each other, we may write the

Eguation of Fres Electricity,
s+§+§§+§=u. T ()]

{69} If the medium conducts electricity, then we shall have another comdition, which
may be called, as in hydrodynamies, the

Eguation of Continuity,
§+§+%+£=n, e e e e e . . A{H)

(T0) In these equations of the electromagnetic field we bave assumed twenty varieble
drd
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quantities, namely,
For Electromagnetic ]-Inmentum e O
» MogneticImtensity . . . . . . ., . . .. & A8 g
w Flectromotive Foree . . . . P QR
" ﬂnrrantduetﬂtrlmmnﬂumun A g r
n Electric Displacement . . . «F g B
» Total Current (including 'Fll'lE.tm‘l]. nf ﬂup'lmemmt.] ¥ ¢
» uantity of free Eleetdeity . . . . . .. . &
w Electric Potential , . . . . . = a .. ¥
Between these twenty quantities we have found twenty equations, viz.
Three equations of Magnetic Foree . . . . . . . . . (B)
- Electric Carrents . . . . , . . . . [C)
" Electromotive Foree . . . . . . . .
- Electric Blasticity . . . . . ., . . (E)
. Electric Resistance . . . . .'. . . (F)
n Total Curvemts . . . . . . . . . (4)
One equation of Free Electricity . . . . . . . . . . ()
. Centinuity . . . . ... . . . . . (H)

These equations are therefore sufficient to determine all the guantities which oeenr
in them, provided we know the conditions of the problem. In many guestions, how-.
ever, anly a few of the equations are required.

Intrinsic Energy of the Eleciromagnetic Field.

(T1) We have seen {(88) that the intrinsic energy of any spstem of currents is found
by multiplying half the current in each cironit into its electromagnetic momentum.
This is equivalent to finding the integral

E=}3(Fp'+Gy+HA)Y . . . . . . . . (87)

over all the space oerapied by currents, whera p, g, r are the components of currents,
and F, G, H the components of electromagnetic momentum,
Bubstitnting the values of ¢, ¢, #' from the equations of Currents (C), this becomes

s {F(E-D)+e(E-2)+a(Z-5)v
Integrating by parts, and remewmbering that , 3, v vanish at an infinite distance, the
expression becomes

3 (e (G- 8) +a(E-) +1(2-2))av.

where the integration is tn be extended over all space. Referring to the equations of
Magnetic Foree (B}, p. 482, this becomes

E=23la. put B bty ppddV, . .. . . . (38)
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where @, §, ¥ are the components of magnetic intensity or the force on a nnit magnetic
pole, nad g, p3, py are the componants of the quantity of magnetic induction, or the
number of Yines of foree in unit of area

In isotropic media the value of w is the same in all directions, and we may eXpress
the result more simply by saying that the intrinsic energy of any part of the magnetic
field arising from its mugnetization is

Lr

per unit of volume, where T is the magnetic intensity. -

(72) Energy may be stored up in the field in a different way, namely, by the action
of eleotromotive force in producing electric displacement.  The work dona by a variable
electromotive force, I, in prodacing a variable displacement, ¥, is got by integrating

iaf
from P=0 to the given valoe of F.
Since P=#f, equation (E}, this quantity becomes

Sifdf=kf*=4TSf. .
Hence the intrinsic energy of any part of the field, as existing in the form of electric
displacement, is L 3(Bf+Qg-+RA)IV.
“Ihe totsl energy existing in the field is therefore
B3 {0 (et Buf-Hop) HHEFEQHRJIY. o - (D

The first term of this expression depends on the magnetization of the field, and is
explained on our theory by actual motien of some kind. The second term depends on
the electric polarization of the field, and is explained on our theory by strain of some
kind in an elastic mediom.

{(78) I have on a former oecasion® attempted to describe a particelar kind of motion
and a particular kind of strain, so mranged as to nccount for the phenomena, In the
present paper I avaid any hypothesis of this kind; and in using such words as electric
momentum and electrie elasticity in reference to the known phencmena of the induc-
tion of currents and the polavization of dielectries, I wish mevely to direct the mind of
the reader to meghanical phenomens which will assiet him in understanding the elee-
trical ones.  All such phrases in the present paper are to be considered as illustrative,
not as explaonatory.

(74) In spenking of the Energy of the field, however, I wish to be understood literally.
All energy is the same as mechanical energy, whether it exists in the form of motion or
in that of elasticity, or in tny other form.  The energy in electromagnetic phenomena is
mechanical energy. The only question is, Where does it reside? On the old theories

® @ Physieal Lines of Forer,” Philesophical Magnzing, 1501-62.
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it resides in the electrified bodies, conduocting circoits, and magnets, in the form of ag
unknewn quality called potentiel energy, or the power of producing certain effects at o
distance. Om our theory it resides in the electromagnetic ficld, in the space surrounding
the electrified and magnetic bodies, as well as in those bodies themselves, and i intwo
different forms, which may be described without hypothesis as magnetie polarization
and alectrie polarization, or, according to a very probable hypothesis, as the motion and
the stiain of one and the 2ame medium,

{76 The conclusions. arrived at in the present paper are independent of this hype-
thesis, being deduced from experimental focts of three kinds:—

1. The induetion of electric currentz by the increass or diminntion nf_naighhnuﬁng
eurrents according to the changes in the lines of foree passing through the eirenit.

3, The distribution of magnetic intensity sccording to the variations of & magnetic
potential,

8. The induction (or influence) of statical electricity through dielectrics,

We way now proceed to demonstrate from these principles the existence and laws of
the mechamical forces which act upon eleetrie currents, magnets, and electrified bodies
placed in the clectromaguetic field.

TART IT—MECHANIOAT ACTIONE IN THE FIELD.

Machanical Fovea o a Movealle Conduotor,

{76} We have shown (§$ 54 & 306) that the work done by the electromagnetic forces
in niding the motion of a conductor is equal to the product of the eurrent in the eon-
ductor multiplied by the increment of the electromsgnetic momentum due to the
motion,

Let a short straight conduetor of length @ move parallel to itself in the direction of
@, with its extremities on two parallel conductors. Then the increment of the electro-
magnetic momentom doe to the motion of # will be

G AH o=
(n'.r ete I+ T E)a”
"That doe to the lengthening of the circuit by increasing the leugth of the pavallel con=

ductors will Le
dF dz d'P JF-H‘-I' A
_ﬂ( d‘.r E} !

iz (B _d¥y_d(dF_dH
iz (& - e;r)"a(ﬁ—a?)}*
which is by the equations of Maguetic Force (B}, p. 482,
i
odr (gﬁr —Eﬁhﬂ}-
Let X be the force acting nlong the direction of & per unit of length of the eonductor,
then the work done is Xeada-

The total increment s
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Let Che the eurrent in the conductor, and let §f, ¢, ¥ be ita components, then

dy dz
Kob=Calrr (I,F‘"il"_ 5 F‘ﬂ) 1

or X=pyg —pdr.
Similarly, Yompar —ggs e+ 0 e s on s (T}
Z=pfip —poeg

These ars the equations which determine the wechanical force acting on a condwcter
garrying o corrent,  The force is perpendicnlar to the current and to the lines of force,
and iz measnred by the area of the parallelogram formed by lines parallel to the envrent
and lines of force, and proportional to their intensities.

Mechanival Force on ¢ Magnet.

(77} In any part of the field not traversed by electric currents the distribution of
magnetic intensity may he represented by the differential coefficientz of a funection
which may be called the magnetic potential. When there are no gurrents in the feld,
this gquantity has a single value for each point. When there are carrents, the potential
has o series of valnes at each point, but its differential coefficients have only cne valoe,

mﬂl?:
e Gt P

Substituting these values of &, B, y in the e presgion {equation 38} for the intrinsic
energy of the field, and integrating by parts, it becomes

—z{,@. = (%+%+%)}:ﬂ?.

(B B ) av=tma¥ - - (30

indicates the number of lines of magnetic force which have their origin within the
space V. Now a magnetic pole is known to us ouly as the origin or terminntion of
lines of magnetic force, and a wnit pole is one which has 4 lines belonging to it, since
it produces unit of magnetic intensity at wnit of distance over a sphere whose suriace
is 4=

Henge if m is the amount of free positive magnetism in unit of yolume, the above
expression may be written dzm, and the expression for the energy of the field becomes

Ee—SEemdV. . . .« x - o+ -+ - [40)
1f there nre two magnetic poles m, and s producing potentials ¢, and ¢, in the ficld,
then if mr, is moved a distance d, 4nd is wrged in that direction by & force X, then the
work done is Xd, and the decrease of energy in the field is
et mtm)).
and these must be equal by the principle of Conservation of Energy.

The expression
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Since the distribution ¢, is determined by am,, and ¢, by m,, the guantities @5, and
£ iy Wil remain constant,

1t can be shown also, as Gueeyw has proved (Essay, p. 10), that

m = 14
80 that we get Pe=ap
I.d.r_—.d'[m,p,},
or
Ezm‘% =gy l
where =, represents the mﬂgn&ﬁuintghﬁtrduetgm“l_ 4
Ei.mi.]l.rlr, T=Iﬂ,ﬂ"
'E=m,h.

So that & magnetic pole is urged in the direction of the lines of m“'g“ﬂ?: . with
@ force equal to the product of the strength of the pole and the magnetic intensity.

(78) If n single magmetic pole, that is one pole of a very long magnet, be placed in

p=—mhoL L ()

where m, is the strength of the pnlila and r the distance from it.
The repulsion between two poles of strength m, and i, is

m,.%iu%[ﬂl

To air or any medium in which =1 this is simply "'_"l;lt. but in other medin the force

acting between two given maguetic poles is inversely proportional to the coefficient of

‘mngnetic indnction for the medinm. This may be explained by the magnetization of
the medium induced by the action of the poles.

Mechanical Force on an Electrifisd Hody.

(79} If there is no motion or change of strength of currents or magnets in the field

the clectromaotive foree is entirely due to variation of electric potentinl, and we shall
kave {% 65)

—_d¥ o d¥ p_ a¥

P—- _-E ¥ q_— - E_!—lf ]1--"- .|:||.|,'-
Integrating by parts the expression (I) for the energy due to cleetric. displacement; and
remembering that P, Q, R vanish at an infinite distance, it bécomes

dg |k
(¥ (F+E+z) v,
or by the equation of Free Electricity (@), p. 486,
—3E (A V.
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By the sume demonstration as was nsed in the case of the mechanical anﬁan&nﬂ-l_mgnet,
it mey be shown that the mechanical force on a small body containing o quantity E._n-f
free electricity placed in s field whose potential arising from other electrified bodies
{# ¥,, has for components

T=a.%=~—ﬂ,s,.-.. Y & )

Z -e,‘%': —R,é,.

8n that an electrified body is urged in the direction of the electromotive fn:rrqle with a
foree equal to the product of the quantity of free electricity amnd thaalmtmmu-lma force.
If the electrification of the field arises from the presence of a small electrified body
comaining ¢, of free electrity, the only solution of ¥, is
=41 S &
I‘Iri—"—" f! " " " + - o [i .}
where » is the distance from the electrified body.
The repulsion between two electrified bodies &, & is thevefore

o _ kg s e e ow oo [dd
”?I—:'- " om ow i . I { :I

Mpasurement of Elsctrical Phenomena by Electrostatic Effects.

(B0} The quantities with which we have had to do have been hitherto expressed in
terme of the Elsctromagnetic System of messurement, which is founded on the mecha-
nical action between corrents. The electrostatic system of messurement is founded on
the mechanical action between electrified bodies, and is independent of, and ineom-
potible with, the electromagnetic system ; so that the units of the different kinds of
Quantity have different valnes agcording to the system we adopt, &nd to pass from the
obe system to the other, a reduction of sll the quantities is required.

Accarding to the electrostatic system, the repulsion between two small bodies charged

with quantities x,, 5, of electricity is =
¥
where ris the distance between them,

Let the relation of the two systems be such that one electromaguetic unit of elee-
tricity containg v electrostatic units; then s,==ve, and =4, and this repulsion becomes
o fr— 2 % by equation (44), . - . - - = (45)
whence k the coefficient of * elogtric elasticity ™ in the wmedium in which the experi-
meits are made, §. & common xir, is related to v, the oumber of electrostatic units in one

electromagnetic unit, by the equation T )

Bx



492 PHOFESS0R CLERK MAXWELL ON THE ELECTROMAGNETIC PIELD,

The guantity v may be determined by experiment in several waye. According tothe
experiments of MM, WEzer and KoBLEADSCH,
v=2310,740,000 metres per second.

(81) 1t appears from this investigation, that if we sssume that the medinm which
constitutes the electromagnetic field is, when dieleotric, capable of receiving in every
part of it an electric polarization, in which the opposite sidez of every element into
which we may conceive the medinm divided ave oppositely electrified, and if we alao
agsnme that this polarization or electrio displacement is proportional to the electro-
motive force which produces or maintains it, then we can show that electrified bodies
in ldie]mtricmeﬂiumwi]lmnnmunqtharﬁthﬁnrmnhs}d.ngthtnmahmum
established by experiment.

The energy, by the expenditure of which electrical sttractions and repalsivns are pro-
duced, we suppose to be stored up in the dielectvio medidm which surrounds the electri-
fied bodies, and not on the surface of those bodies themselves, which en our theory
are merely the bounding surfaces of the air or other dielestric in which the true springs
of action are to be sought.

Note on the Attraction of Gravitation.

(82) After tracing to the action of the surrounding medium both the magnetic and
the electric attractions and repulsions, and finding them to depend on the inverse Bquare
of the distance, we are naturally led to inguire whether the attraction &f gravitation,
wlich follows the same law of the distance, is not also traceable to the action of a
swrounding mediom.

Gravitation differs from magnetism and eleotricity in this; that the bodies cuncerned
are &ll of the same kind, instead of being of opposite signs, like magnetic poles and
electrified bodies, and that the force betwesn these bodies is an attraction and not o
repulsion, us is the case between like electde and magnetic bodies.

The lines of gravitating force near twndmbuﬂiumumﬂynft.heumaﬂqmu
the lines of magnetic force near two poles of the same name ; but whereas the pulesare
repelled, the bodies are attracted. Let E be the intrinsic energy of the field surrounding
twa gravititing bodies M,, M., and let E be the intrinsio cnergy of the field surrounding
two magnetic poles m,, my, equal in numerical valoe to M., M,, and let X Lo the gravi-
tating foree acting during the displacement &, and X' the magnetic force,

Iﬁ::m 1’5,:=EE’;
now X and X' are equal in numerical value, but of opposite signs; so that
EE—=—3E,
E-C-F

=C— g (&89},
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where a, 3, v are the components of magnetic intensity. If R be the resultant gravi-
tating force, and R’ the resultant magnetic force at a corresponding part of the field,
R=—R, and o'4F4y'=R=8"

Hence 1
E=ﬂ—1;1r:ﬁr..-,-....,...fi?l

The intrinsic energy of the field of gravitation must therefore be less wherever there is
a resultant gravitating foree
Ag energy is essentinlly positive; it is impossible for any part of space to have nega-
tive intrinzic energy. Hence those parts of space in which there is no resultant force,
such as the points of equilibrium in the space between the different bodies of a eystem,
and within the substance of each body, must have an intringic energy per unit of volume
ter than
gren &]1‘,
where It is the greatest possible value of the intensity of gravitating force in any part of
the universa. .
The assuraption, thorefore, that gravitation arises from the action of the surrounding
medinm in the way pointed out, leads to the conclosion that every part of this medium

posaesses, when undisturbed, an enormous intrinsic energy, and that the presence of
dense bodies influences the mediom s0 as to diminish this energy wherever there is o

resaltant attraction.
As T am unsble to understand in what way a medium can possess such properties, 1
cannot go any farther in this direction in sesrching for the cause of gravitation.

FART V—THEORY OF OUNDENEERS.

Capacity of ¢ Condenser.

(88) The simplest form of condenserconsista of & uniferm layer of insulating matter
bounded by twe conducting surfaces, and its capacity i= messured by the quantity of
electrinity on either surface when the difference of potentials is unity.

Let 8 be the area of either surface, & the thickness of the dielectric, and & its coeffi-
cient of electric elasticity: then on one side of the condenser the potential is ¥, and o
the other side ¥,+1, and within its substance

L PR ()
Since g and therefore fis gexo outside the condenser, the quantity of eleotricity on its
first surface = —5f, and on the second 48f. The eapucity of the condenser is there-
fore Ef:l-i in electromagnetic measare, .

3x2
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{84) If the dielectric of the condenser be air, then its capacity in electrostatic mea-
mrei.a‘i“ (meglecting corrections arising from the conditions to be fulfilled at the

edges). If the dielectric have n capacity whose ratio to that of air is D), then the capa-
city of the condenser will be -

Hence ]}-{n,.,.,..‘.......{u}
where E, is the value of & in air, which is taken for unity.

{85) When the diclectric of which the condenser is formed is not a perfect insulator,
the phenomena of conduction are combined with these of eleetric displacement. The
cordenser, when left charged, praduslly loses its charge, and in some caset, after being
discharged completely, it gradually acquires a new churge of the same sign as the original
charge, and this finally disappears. These phenomena have been deseribed by Professor
Faranay (Experimental Researches, Series XT.) and by Mr. F, Jexgiw (Report of Com-
mittee of Board of Trade on SBubmarine Cables), and may be classed under the name of,
** Blectric Absorption.”

{868) We shall take the case of & condenser composed of any number of parallel layers
of different materials. If a comstant difference of potentials between its extrems
surfaces is kept up for a sufficient time Gl & condition of permanent steady flow of
electricity is established, then each bounding surface will heve s charge of elsctricity
depending on the matore of the substances on each side of it If the extreme surfaces
be now discharged, these intermal charges will graduslly be dissipated, and o certsin
tharge may reappear on the extreme surfaces if they are insulated, or, if they are con-
nected by & conduetor, a certain guantity of electricity may be wrged through the con-
ductor during the reestablishment of equilibriuvm.

Let the thickness of the several layers of the condenser be o, o, &o,

Let the values of k for these layers be respectively &, &,, &, and let

@byt apk,tfo=ak, . . ., . - (B0}
where k is the “ electric elasticity” of air, and & is the thickness of an 'E'llu-t‘l‘a.'lﬁu‘t-
denger of air,

Let the resistances of the layers be respectively r,, 7, &c., and let r,4-r,4 &c. =r be
the resistance of the whole condenser, to o steady corrent through it per wnit of surfacs.

Let the electrie displacement in each layer be f, #}, &e.

Let the electric carrent in each layer be p,, p, &e.

Let the potential on the first surface be ¥,, and the electricity per unit of surfaes s,

Let the corresponding guantities at the boundary of the first and second surface be
¥, and ¢, wnd 50 on.  Then by equations (G) and (H),
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o=—fn G=—Po l

e=fi—fo %=P'_P”I e ee e e . (BY)
& e,
But by equations (E) and (F),
¥,— =k =—ripy
T e o A T T (62}

&o.  &e &

After the electromotive force has been kept up for a sufficient time the current
becomes the same in each layer, and

_p1=§==&n, =pe= g-.
where W is the total difference of potentials between the extreme lnyers. Ve have then

. =_‘!" r,

=—Fak AT

B-I]-'li B & u " & " ] {EH‘J
ki

= _—?r.: e,=g(;:-‘£. —;E‘-I), e,
These are the quantities of electricity on the different surfaces.

(87) Now let the condemser be. discharged by connecting the extreme surfaces
through a perfect comductor o that their potentials are instantly rendered equal, then
the electrivity-on the extreme surfaces will be altered, but that on the internal surfaces
will not bave time to escape. The total difference of potentials is now

1”'=¢1hsi+‘¢ﬂé+mﬁ+uﬂd+¢.+s.].£=-=ﬂ, I | ]
wh&nnaifa’.ia:wtnlu,hemmmatthsimmtuiﬂimhmge,
I T A,
'J‘_??.t_ﬂ_"_'ﬂ" A )

The instamtansous discharge is therefore =, or the quantity which would be dis-

charged by nmudenaﬂufﬁrnfthaaqnhﬂentﬂ:inhmn.mditiumﬁmhﬂhrm
want of perfect insulation.

(88) Now let us suppose the connexion between the extreme surfaces broken, and the
eandenser left todtsslf, and let us consider the gradual dissipation of the internal charges.
Let ¥ be the difference of potential of the extreme surfasces at any time ¢ then

T'-'El,l- |+E-M;+&-"—- : - a - - ] n w E [ﬁﬁ}
bt .ﬂ:l.i'.fl= —Tr %:

'ﬂ’i'l.fl.:_rl%
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Hence fi=As ", fisAe 5", &c.; wnd by referring to the values of ¢, a,, &,
we find e @

P W b LY

w0 that we find for the difference of extreme potentials at any time,
"I"n"{"{ (fr'—gﬁ-')a"ﬂ-?' +(E_'-;%)d_%' + &n.} <. . [(BE)

(88) It appears from this result that if all the layers are made of the same sub-
stance, ¥ will be zero always, If they are of different substances, the order in which
the} wre placed is indifferent, and the effect will be the same whether each substuncs
consists of one layer, or is divided into eny nomber of thin layers and arranged in any
order ameng thin layers of the other substances. Any substance, therefore, the parts
of which are not mathematically homogeneous, thongh they may be apparently so, may
exhibit phenomena of absorption. Also, since the order of magnitude of the coefficients
is the same as that of the indices, the value of ¥ can never change sign, but must start
from zero, become positive, and finally disappear.

(80) Let us next consider the total amount of electricity which would pass from the
first sufface to the second, if the condenser, after being thoroughly saturated by the
current and then discharged, has its extreme surfaces comnectsd by & eonductor of
resistance R.  Let p be the eurrent in this conductor; then, during the discharge,

¥V=prtpntée=pR . . . . . . ., (@69

Integrating with respect to the time, and calling ¢, g,, ¢ the quantities of electricity
which traverse the different conduotors,

grmt+artdo=gRk. ., . _ . , , . . (60)
The quantities of electricity on the several surfaces will he
£—g —fu
€+ §.—Tas
&o. ;
and sinee at last all these quantities vanish, we find
L4 =E'|_'ﬂ'r
T =€ e, —g;
=¥/n . o ¥
whence ER_;.(ﬁ+"—h+&n.) =L’

s S o PO O S
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a quantity essentinlly poditive ; so that, when the primary electrification is in one direc-
tion, the secondary discharge is always in the same direction as the primary discharge®.

PART VI—ELECTROMAGNETIC THECRY OF LIGHT.

{01) At the commencement of thiz paper we made use of the optical hypothesis of
an elastic medium through which the vibrations of light are propagated, in order to
show that' we have warrahtable grounds for seeking, in the same mediom, the cause of
other phenomena as well as those of light. We then examined electromagnetic pheno-
mene, seeking for their explanation in the properties of the field which surrounds the
electrifisd or magnetic bodies. In this way we arrived at certain eqoations expressing
certain properties of the electromagnetic field. Wenow proceed to investigate whether
these properties of that which constitutes the electromagnetic field, deduced from electro-
magnetic phenomena alone, are sufficient to explain the propagation of light through
the same substunce.

(92) Let us suppose that a plane wave whose direction cosines sre L, m, o is propa-
gated throogh the field with a velocity V. ‘Then all the electromagnetic functions will

be functions of w=lr4my4ne—VE.
The equaticns of Magnetic Foree (B}, p- 452, will become
aH g
}H=m;—-ﬂ- E:
4F oH
Hﬁ=ﬂ- F_I T ?
4F
=t g
If we multiply these equations respectively by I, m, n, and add, we fied
ﬂ:m:-j-mp;ﬁ-i-ﬂlufnﬂ,,...,. . 182)

which shows that the direction of the magnetization must be'in the plane uftha wave.
(98) If we combine the eguations of Magnetic Fbm (B) with those of Electric
Currents (C), and put for brevity

EAEAT =) wd S+pHp=" . . . . . (68)
b= 2~ V'F,
&p-g‘-:%"—?ﬂ; e . (84
b’ = — V°HL

¥ Binga this paper wos comenasieatod to the Beyal Beddoty, I Bovosoon & papor by M. Givoiny in the Annales
de Uhimis for 1864, in which he hes doduced the phenomens of eslockrin shsorpbion wind seotndiry dischargs
from the theory of compound eadensers,
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If the medium in the field is & perfect dielectric there is no troe conduction, and the
currents g, ¢, ¢ are only variations in the electric displacement, or, by the equations of
Total Currents [A),

=% g=% =2 . (85)
But these electric displacements are cansed bydmhumuﬁmfnmu.andhrthaaqmﬁm
of Eleetric Elasticity (E),

P=, Q=ky, B=&b, . ., . . ., . . (68)

These electromotive foress are due to the varistions sither of the electromagnetic or
the electrostatic functions, as there is no motion of conductors in the field ; =o that the
equations of electromotive foree (D) are

dF _av
P=—2F _2F
q=_%}_%,....,....+{ﬁn
v
R=——%"

(94) Combining these equations, we obtain the following :—
) (T )
HG-ve)+em(Z+50)=0 1 . . . . .. (@9
HE—VE) -+ b (G + 55 ) =0,

If we differentinte the third of these equations with respect to ¥, and the second with
respect to 2, and mubtract, J and ¥ disappesr, and by remembering the equations (B) of
magnetic force, the resulte may be written

W’Pﬂ=¢m$m
.W'pﬂ=-lspii;lﬂﬁl ot e - . . . . (88)
W'Pr=*r#,—':;.ﬂ—r-

(95} If we assume that =, 8, » are functions of lr+-my4nz— Ve=m, the first equa-
tion bevomes " "
hm =lil'PﬁrF‘E| L] " ] - " - . " a - ﬁﬂ}
or

'F=:|:4—:__.'r.1..-4..,.|:71_:|

The other equations give the same value for V, so that the wave is propagated in either
direction with a velodity V.,
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This wave consists entirely of magnetic distarbances, the direction of magnetization
peing in the plase of the wave. No magmetic disturbance whose divection of magneti-
satiem is not in the plane-of the wave can be propagated as a plane wave at all.

Hence magnetie disturbances propageted through the electromagnetic field agree with
Tight in this, that the disturbance at any point is transverse to the direction of propaga-
tion, and such waves may have all the properties of polarized light.

(36) The only medium in which experiments Lave been made to determine the value
of & ig #ir, in which p=1, and therefore, by equation (48),

‘li"=-a.,.,....,...|:'r2]
By the electromaguetic experiments of MM, Wrses and KorLeavsceE®,
p=510,740,000 metres per second

is the number of electrostatic units - one electromagnetic unit of electrieity, and this,
according to our result, should be equal to the velocity of light in air or vacuwm.
The velocity of Yight in air, by M. Fuzeav's § expariments, is

V=>514,358,000:
accoviling to the more accurate experiments of M. FovcautT t
V =2098,000,000.

The velosity of light in the space surrounding the earth, deduced from the coefficient
of aberration and the received value of the radins of the earth's orbit, is

(07) Henee the velocity of light deduced from experiment agrecs sufflciently well
with the value of ¢ deduced from the only set of experiments we as yet possess. ‘Tha
value of © was determined by messuring the electromotive force with which a eondenser
of kmown capacity was charged, and then discharging the condenser through a galvano-
meter, so a8 to measure the quantity of electricity in it in electromagnetic messure.
The oply use made of light in the experiment was to see the instroments. The value
of V found by M. ForcaurT was obtained by determining the apgle through which &
revolving mirror turned, while the light veflected from it went and retarned along a
measured course. No use whatever was made of electyicity or magnetism.

The agreement of the Tesults seems to show that light and magnetism are affections
of the seme substance, and that light is an electromagnetic disturbance propagated
through the field according to electromagnetic laws

{08) Let us now go back upon the squations in (94), in which the guentities J and
¥ pepur, to sec whether any other kind of disturbance cun be propagated through
the medium depending on these guentities which disappeared from the final equations.

® Lgiprig Transtions, vol. V- (1857), p. B0, or Popemsonrrs * Armalen,’ Aug. 1654, p. 10
) En-ptuﬂmﬂm,m].;:ﬁ:.{lﬂlﬂ},puﬂﬂ. £ Thid. vol. Ir. (1562], pp 601, 702,
MDCOCLEY. 3y
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If we determine ¥ from the sguation

L
V=gt gErFE=T ()
and F', &, H' from the equations. N
- =G-9% H=H~%
F=F-%, =G %, m=H-% . .. .14
fhen JEF . 4G° | J1
S A= ()
and the equations in (94} become of the form
2P d di
wWF=tes (Gt zm (F4F) - - - - ()
Differentiating the three oguations with respect.to x, g,.and-z, and adding, we find that
R U ¢ £
and that KO =dap O
Wﬂ:qrmﬁ_,... Y €
W H =t O

Henee the disturbances indicated by F, &, H' are propagated with the velocify

V=4 /L through the field; and sinco
dF aF | AH
the resultant of these disturbances is in the plane of the wave,
{88) The remaining part.of the total disturbances F, (i, H being the pavt depending
an i, is subject to no condition except. that expressed in the equation

45 o
If we perform the operation ¥° en thie equotion, it becomes
h=%--ﬂ?’np{x, I N K )
Since the mediom is a perfect inuﬂatur, ¢, the free electnetby, iz immoveable, momd
therefore g is a function of &, ¥, £, and the value of J is either constant or zere, or.

uniformly incrensivg or diminishing with the time; so that no disturbance depending
on J can be propagated ns o wave.

(100) The eqoations of the electromagnetic field, deduced from purely experimental
evidence, show that trangversal vibrations only can .be propagated. If we were to go
beyond cur experimentnl knowledge and to assign & definite density to a substance which
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we shonld call the electric flaid, and select either vitreous or resinous electricity as the
representative of that flnid, then we might have normal vibrations propagated with a
velocity depending on this density. "We have, however, no evidence as to the density of
alectricity, as we do not even know whether to consider vitreous electricity a5 a sub-
stanea or as the absence of & substance,

Hence electromagnetic scence leads to exactly the same conclusions as optical science
with respact to the direction of the disturbances which can be propagated through the
field; hoth nffirm the propagation of transverse vibrations, and both give the same velocity
of propagation. On the other hand, both sciences are at a loss when called on to afirm
or deny the existence of normal vibrations,

Relation between the Index of Befraction and the Electromagnetio Character of the
substamnce.

{101) The velocity of light in & medinm, according to the Undulatery Theory, is
1 Ves
whore § is the index of refraction and V, is the velocity in vacumm. The velosity,
aecording to the Electromagnetic Theory, is

VE

where, by equations (48) and (71), k=pk, aod &=4xV:.
Henca D=E+-.-.--a---p|{ﬂﬂ}

ar the Bpecific Inductive Capacity is eqoal to the square «f the index of refraction
divided by the coefflcient of magnetic induction.

Fropagation of Elsctromagmetic Disturdances i a Crystallived Medium.

{102) Let ns now calenlate the conditions of propagation of & plane wave in a
madinm for which the values of & and @ are different in different dizections. As we
do not propose to give o complete investigation of the question in the present imperfect
state of the theory ss extended to disturbances of short period, we shall assume that the
axes of megnetic indection coincide in direction with those of electrie elasticity.

(108) Let the values of the magnetic coeflicient for the three azxes be b, @, r, then
the equations of magnetic force (B) become

dH 4G )
4F  4H
“-ﬁ:lz———;; . 4 v . B . “ = 1 {El]

diEF JF
¥ =E T |
Br2
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The equations of electric currents (C) remain as before,

The equations of electric elasticity (E) will be
Pnlh.'::’j;
ﬁ=hﬁ’y,}
Remd=c®h,

- (B2)

whe:reM,H.mdirfmthevﬂunufiﬁ:themof.ny,m
Combining these equations with (A) and (D), we get equations of the form

1/ &F , &F Fy 1 df dF, 4G, 4HY 1 7dF
;(11=+ﬂ;v+* —;::(1;+#;+*'E)=;(F+;%)- + - {BE)

(104) If I, m, n ave the direction-cosines of the wave, and V its velocity, and if
Irtmytae—Vi=w, . . . . . . . . . (84

then F, G, H, and ¥ will be functions of w: and if we put ¥, G', H', ¥ for the second
differentiala of these quantities with respect to w, the equations will be

) S -
(v-(5+5) ) o+ B By _vimo, L. ()

(v: _.;-G + i}'}) H"+'%"l g ﬁ""f G —a V=0,
If we now put

ViV P ) s an) b+ vy

« o+ . {88)
SR (P m a
+5 (T 5 ) (P it =T,
we shall find
FVU—NYU=0, . . . . . . .. . . (87)
with two similar equations for & and H'. Hence either
V=0, . . . . . .. L0, (88
U=0, . . . . . . ... )
o
V=M VE'=m¥ and VH'=n¥". « .. . (B0)

The third supposition indicates that the resaltant of F', G, H' iz in the direction
normal to the plane of the wave; but the equations do not indicate that such a disturb-
ance, if possible, conld be propagated, as we have no other relation between W and
¥, &, H. S '

The solution V=0 refers to 2 ease in which there is no propagation,

The solution U=0 gives two values for V* corresponding to values of F', G', H', which
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mgimbythaequaﬁmi

Lp RO EE=0 e (91)
.
—F{a"p-ﬁ;.Jr“—ﬁr“‘(ﬁ_m-g.'ﬁf"{au—a-pqﬂ, L. ()
(105) The velocities along the axes are a5 follows :—
Threction of propagatien . .+ - x ¥ 2
[ e e
. [
. . . B e
Direction of the electric displacements l ¥ = 3
IEERE:
m A

Now we kiow that in each principel plane of o crystal the ray polarized in tht
plane obeys the ordinary law of refraction, and therefore its veloeity is the same in
whatever direction in that plane it is propagated.

If polarized light consists of electromagmetic disturbances in which the electric dis-
placement is in the plane of polurization, then

ar==c" .,{Hﬂ]
If, on the mmry,th:elanhindinplammhmpﬂpendi:nlumtheplme of poloe-
rization,

I'-.=p==r.,-.+....,...|:ﬂ-l:]

Wa know, from the magnetic experiments of Fananay, PLUCKER, &t thet in many
crystals &, g, v BTE uneguil.

The experiments of Kxosravca® on alectric induction through crystals seem to show
that @, b and ¢, may be different.

The inequality, however, of &, p, v is =0 small that great magneﬁnfc-rmmmniﬂﬂ
to indicate their difference, and the differences do not seem of gufficient magnitude to
necount for the double refinction of the crystals.

On the other hand, experiments on aleatric indaction are liable to error on account
of minute flaws, or portions of conducting matter in the erystal.

Further experiménts on the magnetic and dislectric properties of erystals are required
before we can decide whether the relation of these bodies to magnetic and electric
foress is the same, when these forces are permanent as when they are alternating with
the rapidity of the vibrations of light

« Philosophita]l Magnaing, 1552,
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Helution between Elsotric Resistance and Transparency,

(106) If the medium, instead of being a perfoct ingulator, is a condustor whose resisk-
ance per unit of volome is g, then there will be not vnly electric displacements, but true
currents of conduction in which electrical energy is transformed into heat, snd the undu-
lation is thereby weakened. To determine the ooefficient of absorption, let us investi-
gete the propagation along the axis of » of the transverse disturbance .

By the former equations

T = — deuly)

= —tep($+g) by (4),

=t ey ®wmam. L g

If =.is.of the farm
Gie™eos(ge+at), . . . . . . . . . . . . .. {o6)

we find that
_fmun_ g ¥ S -1

where Vis the velocity of light in fir, and ¢ {s the index of refraction, The proportion
of incident light transmitted through the thickness  is
Y ()
Let R be the resistance in electromagnetio mensure of a plate 6f the substance whese
thickness {s x, breadth §, and length /, then
R=1L

h‘l
Ppr=dmal b . . . . .. .. . . . (89)

(107) Most transparent solid bodies ave good insulators, whereas all good. conduetors
WTE TETY Upaqle,

Electrolytes allow a corrent to pass easily and vet are often very transparent. We
may suppoke,” however, that in the:rapidly alternating vibrations of light, the électro-
motive forces act for so shert a time that they are unable to effect a complate separation
between the particles in comibination, so that when the force is teversed the particles
oecillate into their furmer position without loss of enEEgY.

Gold, silver, and platinnm ave good conductors, and yet when redaced to sufficiently
thin: plutes they allow Jight to pass through them. If the resistance of gold is the same
for electromotive forces of short period as for those with whish we make experiments,
the amount of light which passes through a piece of gald-deaf, of which the resistance
was determined by Mr. €. Hockiw, would be only 10=* of the incident light, a totally
imperceptible quantity. [ find that between 335 and Tvaw of gréen light gets through
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such gold-leaf. Much of this is transmitted through holes and cracks; there i3 encmgh,
nowever, transmitted through the gold itself to give a strong green hua to the
transmitted light, This result caunot be reconciled with the electromagnetic theory
of light, unless we suppose that there is less loss of energy when the electromotive forces
are reversed with the rapidity of the vibrations of light than when they act for sensible
times, as In our experiments,

Alsolute Valuea of the Elsctromotive and Magnetic Forces called into play in the -
Propagation gf Light.
(108) If the equation of propagation of light is

F= A cos 2= (2= V1),
the electromotive foroe will be , .
. N
FP=—4a > YV EI.H.TEI —F#} :

and the enargy per unit of volume will be
-
BV
where P represents the greatest value of the electromotive force. Half of this consists
of magnetic and half of electric energy.
The energy passing through a unit of area is

P
W=—"xi
g0 thok Bap
P =/ SxuV W,

where V is the velocity of light, and W is the energy communicated to unit of area by
the light in a second.

According to PoviLLer's data, 28 caleulnted by Professor W. THoME0N*, the mecha-
nical value of direct sunlight at the Earth is

. 834 foot-pounds per second per squers foot.
This gives the maximum value of P in direct sunlight at the Earth's distance from the Sun,
P ==60,004,000,

or about BO0 DarieLL's cells per metre.

At the Sun's surface the value of P would be about

18,000 DareLt’s cells per metre.

At the Earth the maximum magnetic force would be 1984

At the Bun it would be 44135,

These electromotive and magnetic forces must be coneeived to be reversed twice in
every vibration of light; that is, more than o thousand million million times in & second.

& Trneseticns of the Royal Bociety of Edintargh, 15 {4 Mochantes]l Energics of the Bolar Bystem™
+ The harisontnl magnetio foree st Kew 14 pbamt 1704 o metrlenl noits.



Fﬂ.‘l‘ullfﬂ:lmi. M is the electrpmagmetic momentum of the circnit B when A garriey
& unit eurrent, or
1:=J" (FErofrad)a,

where F, &, H are the gomponents nfﬂuuhmﬁ.nmhmduhlhdtw
:I'Jl.ﬁ.,lllddl'illﬁl element of length nfﬂmdthummgrlﬁmhpeﬂ?&maammdth
cirouit of B,

Ihﬂnﬂ?,ﬂ,ﬂ,wuhmethﬂhrtﬂ}mdfﬂj

AL -,

withnmrnpundingeq“ﬂmfnﬂmdﬂ,p‘,f.mdr’hningthammpmunfth-
current in A,
Nwﬁwemuddurm];nlinﬂaﬂamentdruf&weuhdlhaﬂ
=5, =2, r=%a0,
mdthlmluﬁunufﬂmiqmﬂmgim
dx dz
F=fgd  o=lfam,  m=tiy,
whnm;hthaﬂimﬂfmypa{ui&nmdm Henee
dx dr  dy dy  de di
r=(T" b a8 7 ) dsdit

=j:f$um pelsile

(110} Sevond Method. M is the number of lines of magnetic foree which pass
thmughﬂlenirmitﬂwhmdmﬁmaunitmurent,ur
M=Z{pel+ i 4 pym)is,
h’hﬂ:pﬂ,ﬁiﬂ,ﬁrmﬂlemmDDEEnﬁi of magnetic induction due to unit enprent in A,



mrmmmwmmmu&mmm BOT

fi:am:fmahqmﬂ:ﬂbythtunmtﬂ,mﬂi,mnmthedirwﬁnn-maﬁﬂnftha
nmﬂMMMTMEWMMMdmmem
We may express this in the form

m::,u.zil.ain 9 sin ¢ sin pdS'ds,
where d9' is an element of th&mr&.ﬂﬂhnunﬂ.ﬁﬂhj'ﬂ,ﬂﬁi&m&lemantﬂfthedmﬂtﬂ,
¢ is the distance between them, § and § are the angles between g and ds and betwesn

Eaﬁﬂth&nmﬂﬂhﬂmpmﬁ?dy,ﬂﬂ#hth&mgl&hawmﬂmﬂuﬂhwhinh
4 and # are mepsured. The integration is performed round the eircuit A and over the

cose sin §=1, and sin p=1. _

111. Third Method. M is that part of the intrinsie magnetic energy of the whaole
ﬂelﬂwhinhdapmﬂ.lunthapmdmtnithummumhmmﬂuita,unhmﬂm
being anity.

lﬂtn,ﬂ,rbathammpmmnufmngnﬂi:hlwﬁtrntm}'pﬂintduatut..‘n.aﬁnt
glrcuit, o, §,  the same for the second circuit; then the intrinsic energy of the
element of volume &V of the field is

£ ((aa'P+(B+FP+Hr+7))IV-
The part which depends on. the product of the currents is

£ (s 3"ty V-
Hence if we know the mqneﬁnhmﬁuuludrﬂmtnuﬂtmmmt in each circuit,
we may obtain M by integrating

[

E".'!f:lue.l'l.‘l::n:u:.lcl‘-"i"
over all space, where # is the angle between the directions of I and T.

Application to & Coil.

(112) To find the coefficient (M) of mutnal induction between two circnlar Yinear
conductors in parallel planes, the distance between the curves being everywhere the same,
and small compared with the radins of either.

If r be the distance Letween the curves, and a the radins of eitber, then when 7 i3
very small compared with o, we find by the second method, a8 a first approximation,

M=dwa (lug,g—"-ﬂ}.

r
Teo approximate more closely to the value of M, let o end o, be the radii of the circles,
and b the distance between their planes; then

rF=(e—a, ] +ﬁ’.
3z
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We obtain M by considering the following conditions :—
lst. M must fulfil the differentinl equation
da*M G 1 M
ot +z =0
This equation being trae for any magnetic field symmetrical with respect to the common
axis of the circles, eannot of itself lead to the determination of M as a function of a, &,
and & We therefore make use of other conditions,
2odly. The value of M must remain the same when & and @, wre exchanged,
Srdly. The first two terms of M must be the ssme s thoss given abova,
M may thus be expanded in the follewing series —
_ Ex 1a— 1 BX gy —a)™ I (B4 a— & —a}
M=dralog r{1+§ m_i_ﬁ :ir, @ _E{_ [ s.ﬂ)l: T +&¢_}

a

1a=a | I —8c— 1 (68— fa—a)¥)fa—a,
._.1“;{34.5 - ]+ﬁ . E‘ FJ'}'_E{ { ;1']' X }-I-&ﬂ.}
(113) We may apply this result to find the coeflciant of self-induction (L) of & tirenlar
coil of wire whose section is small compared with the rading of the cirele.
Let the section of the coil be & roctangle, the breadth in the plane of the circle being
¢, and the depth perpendicular to the plane of the circle Leing &.
Let the mean radivs of the coil be &, and the number of windings n; then we find,

by integrating,
- L= ﬁm Mfzy o'y )iz dy de' dy,

where M{zy o'y} means the value of M for the two windings whose coordingtes are &y
and «y’ respectively; and the integration is performed first with respect to ¥ and y over
the rectangular seetion, and then with respect to @' and g over the EAME Space,

L=den'eflog 5 45— (9= ) oot 20— cos 20— 2 cot*s1og cos 4~ Ltan*slog sin o}
+ T {10 5 (2 1) 845 - 2T 475 contd— 2 (7o) i+ E o log cos s
i
+}; %lugdn i} +&e

Here a= mean radius of the ooil,
n 7= disgonal of the rectangular sectlon =/ FF ¢
n #= angle between r and the plane of the cirele.
» A= number of windings,

The logarithms are Napierian, and the tngles are in circular measure.

In the experiments made by the Committes of the British Association for deter-
mining a stendard of Electrical Resistance, n double eoil was used, consisting of two
Dearly equal coils of rectangelar section, placed parallel to mach other, with a small
interval between them,
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The value of 1. for this coil was found in the following way.
The value of L was calculated iy the preceding formula for six different cases, in
wrhich the rectangular section considered haa always the same bresdth, while the depth
was
A B C, A+B. B+G A4B4C,
and p=1 in each cuse.
Calling the results
L(A), L{B) L{C) &

e calculate the coefficient of prutual indnetion M{AC) of the two coils thos,

aACM{AC)=(A-+B+ EJ”I{A+B+BJ—~{a+B}'Hﬁ+B}—{B+Gﬂfﬂ+ﬂ}+ﬂ‘uﬂl-

Then if n, is the aumber of windings in the coil A and m, in the eoil B, the coefficient
of eelfinduction of the two coils together is

L L{A)-2nm L{ AC)+-nEL(B).

{114) These values of L are calcolated on tha supposition that the windings of the
wire are evenly distributed so as to fill up exactly the whole coction. This, however, is
oot the case, s the wire is gmﬂaﬂgdﬂﬂﬂmﬂm?mﬂwithiﬂmhﬁmgmmﬁd
Henee the enrrent in the wire is more concentrated than it would have been if it had
hacﬂﬂisrﬁbuteﬂunifomwmrthsﬂcﬁw,mdﬂmmmminﬂmwhnuﬁﬂgwim
dﬁnﬂtaﬂmitnﬂc&fﬁﬂmchnunifmmmmﬂntwuu]ﬂ.ﬂﬁ.

Thﬁmrmﬁﬂmuﬁaiﬂgﬁummmmﬂmﬁmmqhtuprmﬂﬂmnmmiﬂl
quantities, by which we must multiply the length of the wire, and they are the same
whatever be the form of the eoil.

st the distance between each wire and the next, on the supposition that they are
arranged in equare u:der.‘heD,andletthedinmteruf the wire be d, then the correc-
tion for diameter of wire is

42 (1og} +§1082+5—5)-
Thamrmﬁﬂnfurtheeight-nmﬂtwirﬂiu
4-0-0236.
For the sixteen in the next row
+0-00083.

These corrections being multiplied by the length of wire and added to the former
result, give the true value of L, considered ns the measure of the potential of the coil
on itself for unit current in the wire when that current bas been established for some
ﬁmc,andiaunifnrmlyﬂhhihutadthmﬂghthea&ﬂﬁuﬂufthaﬂim

(115) But at the commencement of @ current and during ite variation the current is
not nniform threughout the section of the wire, because the inductive action between
diffarent portions of thecurtﬂltiﬁuﬂstnmakcthecunmtmungﬂatun&pﬂtnfthe
section than st ancther. Yrhen & uniform electromative force P arising from sny caus

3zl



al1n FROFESS0R CLEEK MAXWELL ON THE ELECTROMAGNETIO FIELD.

acts on a eylindrical wire of specific resistance s, we have

dF
re=P—+
where F is got from the equation
#F 1P
v e

r being the distance from the axis of the cylinder,
Let one term of the value of F be of the form 1r®, where T is & function of the time,
then the term of p which produced it is of the form

1
— g T

F=T+$ (— P+§)ﬁ+%’;}—=q %r‘+ &e.
pe=(P+F) =5 Gr— wp - ke
The total counter current of self-induction at any peint is_
((G—p)at=imatr Trats o s g
from #=0 to f=ce,
When t=0, p=0, - (%) =B (GF) =0, &
When tmee,p=5 o (F) =0, (5F)_ =0, &

j'_" . E—r(?—p)r&'rdt=%‘1n‘+;-$%ﬁ+§:: w4 &
from t=0to =o=.
When =1, =0 thronghout the section, .- (g ..:'P’ (%I‘)‘ =10, &e.
When i=oo, =0 througheut . . , . .- (%?) =0, (:%) =, &
Also if  be the length of the wire, and B its resistance, i -

Be= -,ﬁ:

and if C be the corrent when established in the wire, = _I:g
The total counter current may be written

i I
F(T =T —jugC=— L by g (35).

Henee if we write



Wow if the current instead of being varinble from the centra to the circumference of

F=T-+uy (1-@.

where # is the eurrent in the wire st any ipstant, and the total countereurrent would
have been

(riaE i ! e
{73 Tomrar=g(Ta—T= 3uro=—§ wy.

L=T/—}pl,
or the value of L which must be used in calculating the self-induction of o wire for
variable currents is less than that which is deduced from the supposition of the current
being constant throughout the section of the wire by 3, where [ is the length of the
wire, and j is the coefficient of magnetic :nduction for the substance of the wire.
{118) The dimensions of the coil used by the Committee of the British Association
in their experiments at King's College in 1864 were as follows .—

Hence

mekre,
Mesn radins . . o« - - 0 =a=-16H8104
Depth of each ol .~ . - - - =h="01608
Preadth of each eoll  + . - - =p="01841
Thistance between the coils. . - ==-{2010
Wumber of windings . . . - #= 513
Tigmeter of wire . - - - - =-00126

The value of L derived from the first term of the expression is 487440 metres,
The correction depending on the radins not being infinitely great compared with the
section of the ccil as found from the second term is — T340 metres.
The eorrection depending on the diameter of the wire is }+'-|I.4'991'

per unit of lepgth . . . - - - -

Correction of eight neighbouring wires. . - - - = -~ 40256

Fur sixteen wires next to these . . . - - - - +-0008

Correction for variation of eurrent in difforent parts of section  — 2500

Tetal correction per unit of length . . - - - - = = 7 22437
R L 511-286 metres.

Sum of corrections of this Kod . . - - s ¢ oo+t o0" "0 -

Final value of L by caleulation . . - » -+ - 7 7 430185

This valne of L, was employed in reducing the ohservations, sccording to the method
explained in the Report of the Committes®. The correction depending on L varies
as the sguare of the velocity., The results of sixteen expariments to which this corree-
tion had been applied, and in which the velocity varied from 100 revolutions in
seventeen seconds to 100 in seventy-scven seconds, were compared by the method of

» Tiyitish Association Roperts, 1868 p. 168,
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least squaves to determine what further correction depending on the square of the
veloeity should be applied to moke the cutstanding errors & minimum,
The resalt of this examination showed that the calculated value of L should be

multiplied by 10618 to obtain the value of L, which would give the most consistent
resalts

We huve therefore L by ealenlation . . . . . . | . . . 480166 metres,
Frobable value of L by method of least squaves . . ... . | 450748
Resnlt of rough experiment with the Flectric Balance (see § 46) 410000

The value of L calculated from the dimensions of the coil is probably much more
agcurate than either of the other determinations.
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